CHUONG 3/ QUAN HE VUONG GOC

BAI1T. VECTO TRONG KHONG GIAN

® T6M TAT Li THUYET

€) CAC DINH NGHIA
(D Vécto 1a mot doan thang c6 huéng (c6 phan biét diém dau va diém cudi).
(2) Vécto - khong la vécto c6 diém dau va diém cudi trung nhau.
(3 Ky hiéu vécto: AB (diém dau la A, diém cudi 1a B) hay @, E), X, ..

2 X N R A 2 s 2 . A
(@ Do dai cua vécto 1a khoang cach gitta diém dau va diém cudi cta véctg d6. Ki hiéu |AB],
—
],

(8 Gia ctia vécto la duong thang di qua diém dau va diém cudi ctia vécto do.
(6 Hai vécto dugc goi la cting phuong néu gia ctia chiing song song hodc triing nhau.
(7) Hai véctd cing phuong thi cing hudng hodc ngugc hudng.

. s . , A gse e s o> T cung hudn
Hai vécto bang nhau la hai vécto cuing huéng va cé cung do dai. Tacla a = b < { | ﬁ’| § | —b>| &
(@ Hai vécto ddi nhau 1a hai vécto nguge hudng nhung van c6 cting d6 dai.

Céac phép toan cong, trir, nhan vécto voi mot s6 dugc dinh nghia tuong tu trong mat ph:fmg.

€) CAc Quy TAC TiNH TOAN V61 VECTO
(1 Quy tic ba diém (v6i phép cong): AB + BC = AC.

@ Quy tic ba diém (v6i phép trir): OB — OA = AB.

3) Quy tic ba diém (md rong): AX; + X1Xs + XoXa - - - + Xp_1Xn + XnB = AB.
@ Quy tic hinh binh hanh:

(a) AB+ AD = AC.

(b) AB + AD = 2AF
trong d6 ABCD l1a hinh binh hanh va E 1a trung diém ctia BD.

(® Quy tac hinh hop:
AB+ AD + AA' = AC'

trong d6 ABCD.A’B'C’'D’ la mét hinh hop.
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676 CHUONG 3. QUAN HE VUONG GOC

€)  MOT $O HE THIC VECTO TRONG TAM, CAN NHG

@ I1a trung diém ctia doan thing AB < IA + IB = 0 < OA + OB = 201
(v6i O 1a mot diém bat ky).
@ G la trong tam ctia tam gidc ABC < GA + GBE+ GC = 0 < OA + OB+ 0C = 30G
— 2-— e 1% ’
& AG = gAM (v6i O la moét diém bat ky, M 1a trung diém canh BC).

3 G la trong tam cua ti dién ABCD < EZ+E§7§+ éﬁ—i—é—ﬁz 0 < 5Z+5§+56+5Z_5:
40G & AG = Z@ (v6i diém O bét ky, A’ 1a trong tAm ctia ABCD)
& GM+GN = 0 (v6i M, N la trung diém 1 cap canh déi dién).

@ @vab # 0 cingphuong < Jk e R: 7 =k.b

—

® @vab # 0 cinghuéng < Ik e R+ : 7 =k.b
® @vab # 0 nguochuéng < Fk e R~ : @ =k.b

(@) Badiém A, B, C thing hang < Jk € R : AB = k.AC

<€) pitu KIEN DPONG PHANG CUA BA VECTO

Dinh nghia 1. Trong khong gian, ba vécto dugc goi la dong phang néu gia ctia chiing cting song
song véi mot mat phang nao do.

Hé qud 1. Néu c6 mot mat phang chira vécto nay dong thoi song song véi gia ctia hai vécto kia
thi ba véctg d6 dong phang.

Dinh li 1. (Piéu kién dé ba vécto dong phing) Trong khong gian cho hai vécto @ va b khong cung
phutong va vécto €. Khi d6 @, b va € dong phiang khi va chi khi ton tai cdp s6 (m;n) sao cho T =
md +mnb (cip sb (m;n) néu trén la duy nhat).

/N Bén diém phan biét A, B, C, D dong phing < AB, AC, AD déng phing < AB = m.AC + n.AD.

€©)  PHAN TICH MOT VECTO THEO BA VECTO KHONG DONG PHANG

Dinh li 2.
Cho ba vécto @, b va ¢ khong dong phang. Vi moi vécto X, ta déu tim duoc duy
nhét mét bg s6 (m;n; p) sao cho ¥ = m.@ +n.b + p.c.

€) TicH VO HUONG CUA HAI VECTO
Dinh nghia 2.

A Néud £0vab #£0thi| 7.0 = ]ﬁ’|.‘_b>’.cos(ﬁ’,3)
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(3) Binh phurong vo hudng ctia mot vécto: @2 = | 7|2
YA Mt s6 1ing dung ciia tich v6 hudng
@D Neuad £0vab #£#0tacéd L b 7.6 =0

L - 7.b
):

(2) Céng thirc tinh cosin ciia goc hop bdi hai vécto khidc 0: cos(a,
(3) Cong thitc tinh d¢ dai ciia mot doan thc”;ng: AB = ‘1@) ‘ =V AB?

(® CACDANG TOAN

(O DANG 1.1. Xac dinh vécto va cac khdi niém cé lién quan

Phuong phdp gidi:

— Dua vao dinh nghia ciia cdc khdi niém lién quan dén vécto (xem muc 1)

— Dua vao tinh chat hinh hoc ctia cdc hinh hinh hoc cu thé.

VI DU 1. Cho hinh hop ABCD.A’B'C'D’. Hay xac dinh cac vécto (khac 0) c6 diém dau,
diém cudi la cac dinh ctia hinh hop ABCD.A’B'C'D’ va

a) cung phuong véi AB; b) cung phuong AA

@ Loi gidi

2 X o« R Ao 18 ~ 2 2 N N N e A1~
a) Cac vécto co diém dau, diém cuoi la cac dinh cua hinh hop cung phuong véi AB la

BA.CD:DC;A'B;B'A’.C'D';D'C’

X - R Ao 18 , 2 2 N A N s Y] N
b) Cac vécto c6 diem dau, diém cudi la cac dinh cta hinh hop cung phuong véi AA’ la

AA"-A'A:BB':B'B:CC’;C'C;DD’: D'D

]

Vi DU 2. Cho hinh lap phuwong ABCD.A’B'C'D’. Goi O, 0’ 1an lugt 1a cac giao diém ctia hai
duong chéo ctia hai ddy. Hay xac dinh cac vécto (khac 0) c6 diém dau, diém cudi la cac dinh
cta hinh lap phuong ABCD.A'B'C'D’ sao cho
a) bang 00'. b) bang AQ.

@ Loi gidi

a) Tac6 OO = AA = BB = CC' = DD'.
b) Ta c6 Cac vécto thoa man la: AO = A'0' =0C = 0'C.

]
BAI 1. Cho hinh ling tru ABC.A’B'C’. Goi M, N 1an lugt 1a trung diém ctia cac canh AB, CD. Hay
xéac dinh cac vécto (khac 0) c6 diém dau, diém cudi la cac dinh ctia hinh lang tru ABC.A’B/'C’
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a) cung hudng AM. b) nguogc hudng MN.

Lo giai.

a) Cac vécto c6 diém dau, diém cubi la cac dinh cta hinh lang tru ciing huéng vdi AM la
AB; DN; DC; A'B ; D'C

b) Cac véc to c6 diém dau, diém cudi la cac dinh ctia hinh lang tru ngugc hudng véi MN 1a

D—A),' @); D'A’; @7

BAI 2. Cho bén diém A, B, C, D. Hay xac dinh cac vécto trong cac truong hop sau:
a) C6 diém dau hodc cudila A, B;
b) C6 diém dau hodc cubila A, B, C;
c) Co6 diém dau hoac cudila A, B, C, D.
Loi giai.
a) Cac vécto thoa man la: AB ; BA.
b) Cac vécto thoa man la: zﬁ; BZ; E(_f; E—g; Z&; CA.
¢) Cac vécto thoa man la: ;ﬁ%); EZ; E?:,- C—Z_E; C_fﬁ; 56; EZ; 171—5; ;16; (—:Z; ﬁ)); DB.
0
PfAI 3. Cho hinh lang tru t giac ABCD.A’B’C;'D’.\Mét phang (P) cat cic canhbén AA’, BB/,CC’, DD’
lan luot tai I, K, L, M. Xét cac vécto cé cac diém dau 1a cac diém I, K, L, M va c6 diém cudi la cac
dinh cua hinh tru. Hay chi ra cac vécto
a) Cung phuong véi IA.
b) Cing huéng véi IA.
c) Ngugc hudng vai IA.
Loi giai.
a) Cac vécto cung phuong voi IA bao gom 1A, ﬁ, KB, I@, LC, If7, MD, MD'.
b) Céc vécto ciing huéng véi 1A bao gém 1A, KB, LC, MD.

c) Cac vécto ngugc huong vai A bao g6m 171), I@), L—Ci MD.

[ DANG 1.2. Chitng minh ddng thirc vécto

Dé chitng minh ding thiic vecto ta thuong sir dung:
— Qui tidc cong, qui tic trir ba diém, qui tic hinh binh hanh, quy tac hinh hop.
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— Tinh chat trung diém, trong tdm tam gidc, tich mot s6 vdi mot vecto... D€ bién doi vé nay thanh
vé kia.

VI DU 1. Cho bén diém A, B, C, D bét ki trong khong gian. Chitng minh rang:
AB+CD = AD +CB

@ Loi gidi

Tacé: AB+CD = AD + DB+ CB+BD = AD+ CB+ DB + BD
— AD+CB+0 =AD+CB

Vi DU 2. Cho ta dién A,B,C,D.Goi I, ] lan luot 1a trung diém cua AB,CD.

—>

a) Chiing minh ring: I] = (AD +BC)

b) Cho G la trung diém cta I, J. Chiing minh rang: 4MG = MA + MB + MC + MD, véi
moi diém M trong khong gian.

@ Loigidi

a) Chuang minh rang: I] = 5 (AD+BC)
Tac6I] =IA+AD+DJval] = IB+BC+CJ
Suy ra 2I] = IA + AD + DJ + IB + BC + C] = (T4 +IB) + (AD + BC) + (DJ + CJ)
:6+(ZB+§5>+6 AD + BC

b) Cho G la trung diém cua I, J. Ching minh rang: 4MG = MA + MB + MC + MD, véi moi
diém M trong khong gian.

Tac6 MA + MB + MC+ MD —4MG+GA+GB+GC+GD = 4MG—|—2GI+2G]—4MG+
20 = 4MG

(Vi I 1a trung diém cta AB,] la trung diém ctia CD, G la trung diém cta I])

BAI TAP TU LUYEN

BAI 1. Cho tidién ABCD. Goi M, Nlan lugt la trung diém ctia AB va CD. Ching minh rfing:zﬁ +
BC = 2MN.

Lo giai.

Vi N la trung diém cua CD nén ta c6: MN = MA + AD + DN.

Vi M la trung diém ctia AB nén ta c6: MN = MB + BC + CN.

Suyra,2MN = (MA + MB) + (AD + BC) + (DN +CN) = 0+ (AD + BC) + 0 = (AD + BC)
Vay AD + BC = 2MN. 0
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BAI 2. Cho ti dién ABCD. Goi M, N 1an lugt la trung diém céc canh AB va CD. Goi P, Q la cac
R N N > 1o — 1— N
diém lan lugt nam trén cac canh AD va BC sao cho: AP = Z_LAD' BQ = ZBC . Ching minh rang

MN = 2MP + 2MQ.
Loi giai.
Ta c6, MN = MA + AD + DN va MN = MB + BC + CN.

— 2MN = MA + AD + DN + MB + BC + CN
— MA + MB+ DN +CN+ AD + BC

— AD + BC
= 2MN = AD + BC (3.1)
— 1 —
~ |AP =-AD
Ta lai c6 theo gia thiet: ¢ ‘11_,
BQ = -BC
4
AD =4AD
NG Refie . (3.2)
BC =4BQ

Thay (1.2) vao (1.1) ta dugc:

W:2ﬁ+213_g’:2(AM+MP+BM+MQ)

—2 (MP+MQ+AM+BM)
= 2MP +2MQ (PPCM).

O
BAI 3. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh chit nhat. Chiing minh rang:
a) SA+5SC=SB+SD
b) SA +5C =SB + 5D
Lai giai.
a) SA+S5C=5B+5D
Goi O la tdm ctia hinh chit nhat ABCD. Ta ¢4, O la trung diém ctia AC va BD nén
SA +5C =250 (3.3)
SB +SD =250 (3.4)

—_— = =

Tir (1.3) va (1.4) suy ra, SA 4+ SC = SB + SD

b) SA”+5C = SB° 4+ SD°
— — —\2 — — —_— — — — —\ 2 — —
Ta c6, SA? = (so + OA> — 502+ OA2 + 250.04 va SC2 = (so + oc) — 5324+ 0C2 4+
250.0C
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Suyra,S_A)z—i—S_C)z=25_O)2—|—(74)2—|—Cf2+2§5<ﬁ+0_é> = 2502 + OA? + OC2
Tuong tu, SB2 + SD? = 2502 + OB? + OD?

Vi ABCD Ia hinh chit nhat nén ta c6 ‘OA‘ ’ ’ = ‘(Yf’ = ‘(75‘

Tir d6 suy ra, SA2 + SC? = SB? + SD?

[ DANG 1.3. Tim diém thda man déng thirc vecto

Dua vao cdc yéu t6 cb dinh nhu diém va véc-to.
— Cdc budc thyc hanh gidi todn:
A A & 5 P L N _—> >
1. Bién doi dang thirc véc-to cho trudc vé dang: OM = v.
Trong do: Diém O va véc-to T da biét.
2. Néu mudn dung diém M, ta lay O lam goc dung mot véc-to bing véc-to T, khi do diém
ngon ciia véc-to nay chinh la M.
— Ung dung tinh chét tam ti cu ciia hé diém
Vi cic diém Aq, Ay, ..., Ay vl cdc 0 04, &, ..., &y théa man diéu kién ) _ a; # 0.
i=1

1 — —
Ton tai duy nhat diém M sao cho: Y a;MA; = 0.
i=1
Diém M nhu vdy goi la tdm ti cu ciia hé diém {Aq, Aa, ..., An} U6i cdc hé s6 tuong 1ing la

{ay, 2, ..., 00} ’ ’
Trong truong hop a; = w; Vi, j diém M goi la trong tdm ciia hé diém { Ay, Ay, ..., An}.

— Mot s6 két qua thuong sir dung
Vii A, B, C la cic diém ¢ dinh, U la véc-to da biét.
@ MA + MB = 0 = M la trung diém AB.

(2) Néu A, B, C khong thang hang thi MA + MB + MC = 0= M trong tam tam gidc
ABC.

(3 Tip hop diém M théa min ‘m ‘ = ‘]\ﬁ) ‘ 1a mét phing trung truc ciia AB.

(4) Tap hop diém M théa man ‘Z\Té’ =k ‘A_B)‘ la mit cau tdm C ban kinh b[ing k.AB.

VI DU 1. Cho hinh hop ABCD.A1B;C;D;. Xac dinh vi tri ctia diém O sao cho:
OA+0OB+0OC+0OD+0A1+0B;+0C;+0D; = 0.

@ Loi gidi
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Goi G, G’ 1a giao diém cac duong chéo ctia ABCD va A1B1C1D;. D; c
Khj do ta co:_ | NG’ !
OA+ OB+ 0OC+ OD + OA; + 0By +0C; + 0Dy L B
—~GA+GB+GC+GD+G A+ A | 5
G'By + G'Cy + G'D; +4(GO + G'0) e
— —> > l___J'________’
=4(GO+G'0) =0 DG ¢
Suy ra O 1a trung diém GG'. SR
A== :
B
O]
VI DU 2. Cho tt dién ABCD. Xac dinh cac diém I, H, G théa man
@) Al = AB+ AC + AD.
@) AH = AB+ AC — AD.
3 GA+GB+GC+GD = 0.
(¢ Loigidi
H
@) Ta co: ﬁ—z@-l—A—C)—l-zﬁ
Ma (AB + AC) +AD = AG + AD v0i G la dinh con lai cta
hinh binh hanh ABGC vi AG = AB + AC.
Vay Al = AG + AD véi I 1a dinh con lai ctia hinh binh hanh
AGID. B
Do d6 Al 1la duong chéo cta hinh hop c6 ba canh la | G
AB, AC, AD. /D o/
P B — Sy A E ,l I'/
@) Tacé: AH=AB+AC—-AD. \7\/4\
Ma (AB + AC) AD = AG — AD = DG. i i Py
Vay AH = DG nén F 1a dinh con lai cta hinh binh hanh /,’/ ;/L’_/ ______ RN
ADGH.
3) Tac6: GA+ GB+GC +GD =4GP+PD = 0 = PD = 4PG D &=
v6i P 1a trong tdm tam gidc ABC = G la diém ndm trén doan
thang DP sao cho PD = 4PG.
Diém G théa man dang thiic trén goi la trong tam t dién.
O

VI DU 3. Trong khong gian cho ba diém A, B, C c6 dinh khong thang hang, tim tap hop cac
diém M sao chos | MA + MB + MC| = [2MA — MB — MC|.

@ Loi gidi

Goi G la trong tam AABC, ta bién déi dang thirc vé dang:

awic| = [suA - smc| o M| = |64

= M thudc mat cau tdim G, ban kinh GA c6 dinh. O]
BAI TAP TU LUYEN
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BAI 1. Cho ta glac ABC D Tim diém G thoa man:

GA+GB+GC+GD=0.

Loi giai.

Goi I la a trong tam cua tam glac AB C = I co dinh. Kh1 do ta co:

GA+GB+GC+GD =4GI+1ID = 0 = ID = 4IC.

DPiém G dugc xac dinh nho dang thuc trén. [

BAI 2. Cho hinh chép S.ABCD. Tim diém O théa man: OA + OB + OC + OD + 0S = 0.

Loi giai.

Goi G la 1a trong tam cuc cua tu glac ABCD = G CO dmh Khi do taco:

GA—!—GB—I—GC-i—GD- 0 :OA—I—OB—!—OC-I—OD-FOS —40G+05 =0

= 08 = 40G = GS = 30C.

Diém O dugc xac dinh nho dang thuc trén. ]

~ BC.

ol

BAI 3. Cho hinh chép S.ABC. Tim diém G théa man: SA = 35G — 2
Loi giai.

Ta c6: SA = 35G — 2B — BC «» SA = 35G — SB — (SB+ BC)

& SA=35G—SB—S5C < SA+5B+5C=35C< GA+GB+GC=0.

Diém G la trong tam tam giac ABC. O

BAI 4. Cho ti dién ABCD. Tim diém I théa man déng thic: 2IA + IB + IC + ID = 0.

Loi giai.

Goi G la trong tam t dién. @dé:@’ i@’ic_c’ +GD=0.

2IA+IB+IC+ID =0 < [A+ 1B+ IC+ID =4IG = AL

= G la diém nam trén AG thdéa man 4GI = Al O
BAI 5. Trong khong gian cho ba diém A, B, C ¢6 dinh khong thang hang. Tim tap hop cac diém
N sao cho: ‘ﬂ+2ﬁ3’—1\7€" = ]23—’1\7—2?4"

Loi giai.

Goi G 1a diém thoa man déng thirc GA + 2GB — GC = 0 => G cb dinh.

Ta co [NA + 2NE - NC| = BN - 284] e [2NC]| = |24

= Tap hop N la mat phang trung truc ctia AG. ]

BAI 6. Cho ti dién déu ABCD c6 canh AB = 5. Xac dinh vi tri cila M dé P = 3MA2 + MB2 +
MC? + MD? ¢6 gia tri nho6 nhat.
Loi giai.

C

Goi I 1a diém théa man hé thic 3IA + IB +IC+ID = 0 (1) = I c¢b dinh (do A, B, C, D cb dinh).
Ta c6:
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— —5\2 — —»\ 2 — —>\ 2 — —»\ 2
P:3<MI+IA> +(MI+IB) +(M1+Ic) +(M1+1D)
:6M12+31A2+132+ICZ+ID2+2W(3TZ+§+T€+E’)
= 6MI? + 31A% + IB? + IC? + ID?
Do d6: P nhé nhat < M trung I.

Goi G 1a trong tam tam g1ac BCD ta c6: ID + 1B + IC = 3IG.
Két hop vdi (1) = [A=GI=1lh trung diém GA.

Kh1doIA2:%,1B2:IC2:1D2:§:>P:50. O

(O DANG 1.4. Tich vé hudéng cla hai vécto

Phutong phdp gidi: dva vao dinh nghia va tinh chét ciia tich v6 hudng (xem muc 6), cdc quy tic tinh
todn vécto (xem muc 2) va cdc hé thitc vécto trong tdm (xem muc 3) dé gidi todn.

. — N > 5 2 -~ 2
VI DU 1. Cho hai vécto @ va b.Chitng minh rang: @.b :}L(‘a—kb‘ —‘a — b‘ )
(¢ Loi gidi
1 - — |2 > — 2 1 > — 2 - — 2 1 e
Ta c6 VP:Z(‘a+b‘ —‘a—b)):L—L((a—kb) —(F=0))= (@ +T +275 - (@ +
b>—28.0)=7.b=VT O

—

Vi DU 2. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh (A_B) + E) B'D".
@ Li gidi
Ta c6: (E’ n E)’) B'D' = AC.B'D’ =0 (vi ACLB'D' = AC.B'D’ = 0) 0

Vi DU 3. Cho |7| =

, E’] —3,(7,b) = 120°. Tinh (E’+ F) va )a’— TJ’
@ Loigidi

Ta co: ’7—!— T;‘z = (E’—l—?)z = |7+ ’_b)‘Z-I-ZE’._b) = |77+ ‘?‘2+2|E’|.‘?‘.cos (E’,?).

N ‘Zz’JJJ‘Z:22+32+2.2.3.cos,120°:7;» )E’Jr b‘ = V7.
Ta co: )7__1;‘2 = (7—?)2 = |7|2+’?‘2—2E’.? = |7|2+‘?‘2—2|7|.‘_b)‘.cos (ﬁ’,?).
;»‘7+TJ‘2:22+32—2.2.3.c05120°:19:»‘Zz’+? =19 O

VI DU 4. Cho |7| =

, ?’ —4,7.5 = —6. Tinh géc hop bdi hai vécto 7 va b.

@ Loi gidi
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Vay g6c hop bdi hai vécto @ va b 1a 120° O

VI DU 5. Cho hinh chop S.ABCD c6 mat day ABCD la hinh cht nhat. Tinh SA.SC —
SB.SD.

@ Loi gidi

Ta c6 SA.SC = (S_B)—i—IZQ (S_D)—i—D_C)>

= SB.SD + SB.DC + BA.SD + BA.DC
—SBSD+SBAB+BASD+BADC(V1DC AB)

~ SB.SD + (~SB.BA+ BASD + BADC)
:S_B’.S—ID’+E4’(—S_J§+S_15+D_C’)

- §§.§5+EZ(B‘§+§5+E‘C’> — SB.SD +
(vi BALBC = BA.BC = 0).

—  —>

Vay SA.SC — SB.SD = 0.

x|
Al

VI DU 6. Cho hinh chép S.ABC c6 SA = SB = SC = AB = AC = ava BC = av/2.
@ Tinh tich vé huéng SA.AE;
@ Tinh tich vé huéng SC.AB.

@ Loi gidi

a) Ta co SA.AB = —AS.AB = —AS.AB. cos <A—S)A—B>>

1
= —a.a.cos SAB= —a.a.cos 60° = —Eaz.
b) Ta c6 SC.AB = (Ac As) AB = AC.AB — AS.AB = 0 — S
= ‘AS‘ ‘AB‘ cos (AS,AB) — —2.0.c0sSAB = —a.a.cos 60° =
1o
2"
B C
4
A
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BAI 1. Cho ti dién déu ABCD c6 céac canh bang a. Goi M, N lan lugt la trung diém cac canh BC
va CD. Tinh tich vo huéng AM.AN

Loi giai.
Do cac mat ctia tit dién ABCD déu la tam giac déu, nén ta dé dang A
tinh dugc do dai cac doan théng trong AAMN: AM = AN = %g,
MNz%
. . ——— AM? + AN? — MN? B D
Xét AA]2\4N, ta coz. cos MAN = S AMAN = v
av3\ (avB) _ (4)° C
2 2 2 5
3 av/'3 a\/_ "6
2 2 —> — —_— ——>
Ta o6 AM.AN [AM|.|AN|.cos (AM,AN) =
V3 av3 N _f av35 5,
2 2 2 2 6 8
O
BAI 2. Cho tit dién ABCD c6 hai mat ABC va ABD la cac _tam g1ac déu c6 canh bang a, CD =
av/2. Goi G la trong tam tam giac BCA. Tinh tich v6 hudng AG.BC
Loi giai.
Ta c6 3AC.CD = (AB + AC) (AD - AC) A
— AB.AD — AB.AC + AC.AD — AC?
= a.a.cos 60° — .4, cos 60° 4+ 0 —a? = —a?
—_ —> a
Vay AG.CD = ——
v 6 B D
C
O
BAI 3. Cho t dién déu ABCD c6 cac canh bf?mg a, M la trung diém canh BC Tinh AM.AD.
Loi giai.
Do cac mat cua ti dién ABCD déu la tam gidc déu, nén ta dé dang A
tinh dugc do dai cac doan thang trong AAMD: AM = MD = \/—
AD =a. 5 ) )
) L —— AM“+ AD*-MD B
Xét AAiVID, ta co: cos MAD = Y AM.AD = B D
a3\ o [av3 M A
2 2 V3 C
T3
Z.Q.a
Ta co: mﬁ)’ = ‘m‘.‘ﬁ).cos (ﬂ,zﬁ) =
av/3 —— 43 V3 1 ”
T.Q.COSMAD = TQT = Ea . .

BAI 4. Cho tit dién déu ABCD canh a, M 1a trung diém canh AB. Tinh CM.DM.
Loi giai.
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Do cac mét ctia ti dién ABCD déu la tam giac déu, nén ta dé dang A
tinh dugc do dai cac doan thang trong AMCD: MC = MD = u\z/_
CD =a. — —> — — — — >
Ta & CMDM = (-MC).(-MD) = MCMD = 5
MD]| . cos (W, Z\ﬁ) 2
Xét ACMD, ta co: C
= S MC? + MD? — CD?
cos (MC; MD) —2 cosCMD = SNIC.MD =
av3) (av3)
2 2 1
5 av'3 a\/_ )
L aAabl_a
D o= aV3ayv31l  a
Khi d6: CM.DM = o 371 .

BAI 5. Cho tit dién déu ABCD canh g; I, ] 1an luot 1a trung diém AB va CD. Tinh Cl z?])
Loi giai.

Goi H la tam duong tron ngoai tiép ABCD = AHL (BCD). A
Ta 6: CLAJ = (Al-AC).(AC+C]) = ALAC+ ALT] -

— — — —> I
AC.AC — AC.CJ.
Tacs: 4PHB L cpy (ABJ) = CDLAB = AL.C] =0
acti 4 0 an .CJ]=0. B ] D
Ta co: ZI)A—C) = ‘ﬁ).‘zﬁ_é‘.cos (Zf,fTé) = g.a.cosIA/\C = ~
2 4.c0860° = f -
2. . _—4—; —_—> —_—>
Tuong tw: —AC.C] = CAC] = )CA) ‘C]’ cos (CA CJ) -
2
5 .a. cosAC] = - a cos 60° = %
; az a? a2 a2 ) 1,
DOdOCIA]— Z+Z_AC = Z+Z—EI = —Ea .
0
(3 DANG 1.5. Chitng minh ba vécto déng phéng
D€ chitng minh ba vecto dong phing, ta cd thé chitng minh biang mot trong hai cch:
— Chitng minh cdc gid ctia ba vecto ciing song song vdi mot mét phiang.
— Dua vio didu kién d¢ ba vecto ddng phing : Néu c6mn € R: € = ma@ +nb thi @, b, T
dong phing.

VI DU 1. Cho ti dién ABCD. Goi M, N 1an luot 1a trung diém ctia AB va CD. Ching minh
rang 3 vectd BC, AD, MN doéng phang,.

@ Loi gidi
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Goi P, Q lan luot la trung diém caa AC, BD.
PN || MQ
Ta c6 1 = MNPQ la hinh binh hanh.
PN = MQ = §AD
Mait khac (MNPQ) chita dudng thang MN va song song véi
cac duong thang AD va BC.
= ba duong thang MN, AD, BC cting song song v6i mot mat B
phang. Do d6 3 vecto BC, AD, MN déng phang.

VI DU 2. Cho tam gidc ABC. Lay diém S nam ngoai mit phang (ABC). Trén doan SA lay
2 —_— ed £ 2 g 1 -

diém M sao cho MS = —2MA va trén doan BC lay diém N sao cho NB = —ENC. Chung

minh rang ba vecto AB, MN, SC doéng phang.

@ Loi gidi

Tacé: MN = MA + AB + BN = 2MN = 2MA + 2AB + 2BN (1)
Mit khac : MN = MS + SC + CN = —2MA + SC + 2NB (2)

2 2 — — — — 1— 2—>
Cong ve theo ve, ta dugc : 3MN = SC + 2AB hay MN = §SC + gAB.
Vay :AB, MN, SC déng phéng. O

(3 DANG 1.6. Phan tich mét vecto theo 3 vecto khéng déng phéng cho truéc

D€ phdn tich mot vecto X theo ba vecto @, b, ¢ khong dong phing, ta tim cdc s6 m,n, p sao cho
X =md+nb+pc.

—> - —

Vi DU 1. Cho hinh hop ABCD.EFGH c6 AB 4,AD = b,AE = C.Goi I la trung diém
C.

ctia BG. hay biéu thi vecto Al theo 3 vecto @, v,

@ Loi gidi
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—>

% -2 > T > A 1/, 5 - o —
Theo quy tac hinh hép, AG = a + b + ¢ nén I:E(a—{—a + b+ c) =a+

Vi DU 2 Cho tu dlen ABCD. Goi M 1a trung dlem cuaCD, I1a trun_g) diém cua BM. Dt
AB=1,AC=1bvaAD = <. hay phan tich vecto Al theo 3 vecto @, b, C

@ L&i gidi
Taco 241 = 4B + AM = 4B+ 2T AP _ 7 P E e
) 1, 1- 1,

BAI TAP TU LUYEN

BAI 1. Cho ti dién ABCD. Goi M, N 1an luot 1a trung diém ctia AB va CD. Trén cac canh AD, BC
< " 2 —_—> 2 —_—> _—> 2 _—> < 2
lan lugt lay cac diém P, Q sao cho AP = §AD va BQ = gBC. Chung minh rang 4 diém M, N, P, Q

cung thudéc mot mat phéng.
Loi giai.

MN = MB + BC + CN
— 2MN = AD + BC hay MN = »

) {MN:MA—I—AD—I—DN
Ta co:

(E’ + B_c’> )

2
Mat khac vi AP = 3 nén AD = %AP va BQ = gBC nén BC = 2BQ
: 13— — 3
Tit (1) ta suy ra MN = 7.2 <A1;+B ) =2 <AM+MP+BM+MQ).
Vi AM + BM = T néen MN = - (MP + MQG) suy ra MN, MP, MQ déng phéng
Do d6 4 diém M, N, P, Q cting thudc mot mat phang. O

BAI 2. Cho 3 vecto 7,b,7 khac 0 va 3 sb thuc m,n,p # 0. Chiing minh rang ba vecto ¥ =
md —nb,j =pb —m¢<,Z =nC — pad déng phéng.

Loi giai.
¥ =md —nb = pX =mpd —npb (1)
Tacé:{ J = pb —m@ = ny =npb —nm@ (2)
Z=nc—pd=mz =mnc —npd (3)

Cong vé theo vé, ta duge p¥ +ny +mZ = 0
Vim,n,p # 0nén ¥, ¥, Z dong phang. O
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BAI 3. Cho tit dién ABCD. Goi M, N 1an luot 1a trung diém ctia AB,CD. Goi P, Q lan luot la cac
diém thoa man PA = kPD, OB = kQC, k # 1. Chung minh M, N, P, Q déng phéng.
Loi giai.

MA — kMD

Tacéﬁi:kﬁ)’;»MA—MP:k(MD—MP)@MP: —

— — — —14) — MC
Tuong tw OB = kOC = MG = MT’;{MC
Suy ra MP + MG = MATKMD I MAZINE _ X (3¢ + MD) (Do MA + ME = T).
Mat khéc N la trung diém cta CD nén MC + MD = 2MN = MP + MQ = szkle\I’
Suy ra ba vects MP, MQ, MN déng phang hay bén diém M, N, P, Q dong phéang. O

BAI 4. Cho ti dién ABCD. Cac diém M, N dugc xac dinh bdi MA = xMC,NB = yND, véi
x,y # 1. Tim diéu kién gitta x va y dé ba vecto AB,CD, MN déng phang.

Loi giai.

Pat DA =a,DBE=b,DC = C thi 7, b, ¢ khong ddng phezmg._)

— — DA—xDC 7—xC
Tacé:MA:xMC:>DA—DM:x<DC—DM>:>DM: xDC _ d —xc

, (1)

) ) 1—-x  1—x
Mit khac: NB=yND = DN = ——DB=——1, (2)
Ly I—-y
1 L 1 - .
Tir (1) va (2) suyra MN = DN —DM = —— 7 + b+ 2

1—x 1—y 1—x
Tac6 AB = DB—DA = b — @,CD = —C; AB va CD la hai vecto ciing phuong nén AB, CD, MN
dong phang khi va chi khi MN = mAB + nCD, ttcla:

1 - 1 - X — - - —
— a+ b + c:m<b—a>—nc
1—x 1-y 1—x

(1
T
1 N 1 - X o = 1
sm-——)a+|(—m)b+|(n+—)c=0.{m=—— = Xx=1.
1—x 1—-y 1—x 1—-y
o
—_—> > ——> \ B 1_x
Vay ba vecto AB,CD, MN déng phang khi va chi khi x = . O]

(3 DANG 1.7. Ung dung vécto chirtng minh bai toén hinh hoc

Phuong phap gidi:
— Chon 3 vécto khong dong phing lam co .
— Biéu dién cdc vécto can tinh todn vé hé 3 vécto co sé.

— Dua vao h¢ thic biéu dién & trén ta tim moi quan hé giita cdc vécto can xét.

VI DU 1. Cho hinh hop chit nhat ABCD.A’B'C'D’. Goi G la trong tam tam giac A’BD.
Chting minh rang A, G, C’ thang hang,.

@ Loi gidi
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Pit AA = 7,AB=b,AD = C.Khid6 AC' = @+ b +C

AC = AN+ NG = AN + S (AD+A'B) = L(F+F +7)
—_—> 1—) 2
Suy ra AG = §AC’ hay A, G, C’ thang hang. O

VI DU 2. Cho hinh lang try tam gidc ABC.A’B'C’. Goi G, G’ 1an lugt 1a trong tdm cta tam
gidc ABC va A’B'C’, I 1a giao diém ctia hai dudng thang AB’ va A’B. Chiing minh rang cac
dudng thang GI va CG’ song song véi nhau.

@ Loi gidi

1. Phuong phap vécto.
— Lay trung diém E, F (nhu hinh vé).

— Tacé CG = CC' +C'G = cc’+§c_’ﬁ — CC +

2 /—— —= 1 2
— (A F-A'C)=-A"A+-A'B —ZA'C/, (1).
3 < ) * 3 3 ( )

o 4 1 1?

—Va GI = GE+ EI = §CE — EAA =

1 — 1 1/1
~(AE—-AC) — =A'A = Z|(=A'B - AC
3 < > 2 3\2
1— 1 1 2 1——
—A'A==-A'A+ZA'B —ZA'C") = =CG,(2
AA= ( B2 c) eepey

— Suy ra Glvacd cung phuong = GI || CG'.

2. Phuong phap c6 dién.
— LAy cac trung diém E, F, K.
— Chung minh EG’CK 1a hinh binh hanh = CG’ || FK, (1).
— Chung minh GI la duong trung binh ctia AEFK: suy ra GI || FK, (2).
— Kéthogp (1) va (2) suy ra GI || CG'.

O

VI DU 3. Cho hinh hép ABCD.A’B'C'D’; cac diém M, N lan lugt thudc cac duong thang
CA va DC’ sao cho MC = m.MA,ND = m.NC'. Xéc dinh m dé cac duong thang MN

va BD’ song song vdi nhau. Khi éy, tinh MN biét ZB\C = 1@ = CBB’ = 60° va BA =
a,BB’ = b,BC = c.

@ Loi gidi
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(B = m
Taco — =K —
ND = mNC’ BD—BN:m<BC’—BN>
(>
BM=—-—"_BA+— BC
1—m 1—m
= e 1 m 1 —_— —> m —> ——t
BN=-— BD—- " BC'= —_ (BA n BC) " (Bc + BB’)
L 1—m 1—m 1—m 1—m
(— m 1
BM = — a —+ c
_ _ B 1 — —— 1 = — N
=9 11 m ;1’2 :>MN:BN—BM:1__|_ma—11n b—lT C
AN = 7 - b+¢ " m "
L 1—m 1—m
<. gy - 7 > A 2 /s A VN g 14+m m
Ngoaira BD' = a + b + ¢ nén dé MN || BD’ thi can ¢c6 MN = k.BD ST T T

Giai hé phuong trinh trén ta tim dugc m = —0, 5.
1 — 1/, - _ — >
Véim = — taco MN = 3 (7+7+7) = MN =

Do@:@:@:6oonén273+21_;?+2 = ab + bc + ca.
VéyMN:g\/a2+b2+cz+ab+bc—|—ca. O

BAI TAP TU LUYEN

BAI 1. Cho tir dién S.ABC ¢6 G la trong tdm tam gidc ABC. Mot mat phang (a) cat cac tia
SA,SB,SC,SG lan lugt tai A/, B',C/, G'. Chiing minh rang
SA SB SC 5G

sa Tsp T so 3o

Loi giai.
..SA SB _ SC SG s
DatSA,—a,SB/—b,SCI—C,SG/—t.Khldo

3tSG' = 35G = SA + SB + SC = aSA’ + bSB' + cSC’
Trong mat phang (a) xét diém I sao cho aIA’ +bIB + cIC' = 0. Khi d6

—>

3tSG' = aSA’ + bSB' +¢SC' = (a+ b+ ¢)S]
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nén SG' cung phuong voi Si hay I 1a giao diém ctia SG va («) nghiala I = G'. Suy ra

315G’ = (a+ b +¢)SG’

hay a + b+ c = 3t. O
BAI 2. Cho ti dién ABCD. Tim diém M sao cho biéu thic T = MA? + MB? + MC? + MD? dat
gia tri nho nhat.

Loi giai.

Goi E, F, G lan luot 1a trung diém AB,CD, EF. Ta ¢6

i

GA +GB+GC +GD = 2GE +2GE = 0.
Tir do ta duoc

MA? + MB? + MC? + MD?

= (MG + GA)? 4+ (MG + GB)? + (MG + GC)? + (MG + GD)?

— 4MG? + GA% + GB® + GC2? 4+ GD? + 2MG(GA + GB + GC + GD)
= 4MG? 4+ GA? + GB?> + GC?> + GD? > GA? + GB?> + GC? + GD?.

Déu dang thitc xay ra khi va chi khi M tring v6i G. Vay T dat gia tri nho nhat bang GA? + GB? +
GC? + GD?, khi M trung v6i trong tim G cua ti dién ABCD. O

BAI 3. Cho ba tia Ax, By, Cz d6i mot chéo nhau trong khong gian. Ba diém M, N, P lan lugt thay
doi trén cac tia d6 sao cho AM = 2BN = 3CP. Chung minh rang trong tdm I ctia tam gidc MNP
ludén thudc mot duong thang co dinh.

Loi giai.

Trén ba tia Ax, By, Cz lan luot léy cac vec-to don vi @, ?, i cung chiéu vdi cac tia chira né. Gia st
AM = t7. Khi d6,

BN =

I\JI'—‘

Goi G 1a trong tam tam gidc ABC, O 1a diém tuy y. Ta ¢6

30G = OA + OB +0C
30 = OM + ON +OP’

suy ra
Gi—i@M+BN+cP) =L (74l 41z
3 3 2 3
A A ye . A N N e — — 1> 1—>
nén I thudc tia Gt c6 goc G, cung chieu vdi vec-to u = 4 +§b +§c. [

BAI 4. Cho hinh lang tru tam gidc ABC.A’B/C’ ¢ canh bén bang a. Trén cac canhbén AA’, BB, CC’
ta 1y tuong ting cac diém M, N, P sao cho AM + BN + CP = a. Ching minh rang mat phang
(MNP) ludn di qua 1 diém cb dinh.

Loi giai.
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A’ C’

30G = OM + ON + OP

Goi G, G’ 1an lugt 1a trong tam ctia AABC va AMNP thi .
30G =0A+ 0B+ 0C

Trix vé theo vé ta duoc 3@ m + B_ﬁ + 65

—> AM — BN — CN — — .
! __ / / ! ! (% / A . N N %
= 3GG' = A -AA +_BB’ BB +—CC CC' = AA ().DoA,A,Gcodmhnenltu()tasuyra
G’ c6 dinh. Vay (MNP) ludn di qua diém G’ c6 dinh xac dinh béi hé thitc GG’ = gAA’. O

BAI 5. Cho hinh hop ABCD.A'B'C'D’ ¢6 P va R lan lugt la trung diém cac canh AB va A'D’. Goi
P’,Q,Q', R 1an luot la tam dbi xiing ctia cac hinh binh hanh ABCD,CDD'C’, A’B'C'D’, ADD'A’.

(D Chung minh rang PP + QQ' + RR = 0.
(2) Chitng minh hai tam giac PQR va P'Q'R’ ¢6 ciing trong tam.

Loi giai.
@ Theo tinh chat dudng trung binh trong tam gidc ta ¢c6 DA’ = 2QQ’,DD’ = —2RR’ va
DA = —2PP,

Theo 20 quy tac] tac hinh bmh hanh DA’ = DA + DD'. Tit do,200Q" = —2RR’ — 2PP'
= PP’+QQ’+RR’ = 0.

AP + AQ'+ AR’ = 3AG’

AP+ AQ + AR = 3AG
Trir vé theo vé ta duoc PP’ + QQ' + RR' =3GG' = GG' = 0 = G = G'.

(2 Goi G, G’ 1an lugt la trong tam ctia tam giac PQR va P’Q’'R’. Khi d6 {
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L]
BAI 6. Cho hinh hop ABCD.A’B'C'D’. Goi M,N lan lugt la trung diém ctia cac canh CD, DD’ va
G, G’ 1an lugt 1a trong tam ctia cac ti dién A’D’MN va BCC'D’. Chiing minh rang dudng thang
GG’ va mat phang (ABB’A’) song song véi nhau.
Loi gii.

Al D’

C/

B C
Do G, G’ lan lan luot la tla trong t tam ctia A'D’MN va BCC'D’ nén
AA + AD' + AM + AN = 4AC
{AB +AC+ AC' + AD' = 4AG'
Trit vé theo vé ta duoc 4GG’ — (A’B n D'c) + MC +ND =2A'B + (M“é n cf’) n %ﬁ

_2 (A'_A’ +A'F) + GA'B’ - 21’7{) - %ZE{ - %A’A + ;A’B’ = GG/,A’A, A'B’ déng phéng
= GG’ || (ABB'A"). O

BAI 7. Cho hinh lap phuong ABCD.A’B'C'D’. Goi M, N lan lugt 1a cac diém thuoc AD’ va DB
sao cho MA = k.MD', ND = k.NB véi (k #0,k #1).

(D Chitng minh rang MN luén song song v6i mét phang (BCA’).
(2) Khi duong thang MN song song véi duong thang A’C, ching to rang MN vudng goc véi

/! N
AD"va DB.
) e 7
Loi giai.
A’ D’
’
\\ 7 I\\
N 4 |
S / ’ \ /
. B S C
\\ Z 1
N 4 [
N 4 \
N // ! \
N 7 ! \
N ’ | \
N ’ | \
N 7
v, ! \
/\\ | \
d N 1 \
’ AN | \
N | \
A’i’ N | \
o« S | \
VAN AN \ \
~
s < | \\
’ S
7 S \L \
// So N \
~ (BN
// \\ | N \\
S
----------------- ———— b N \
— ~ N
A NSl ) NN
- S0
-~~~ N SOa0
_ - ~Q
_ - Q)
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ia.
Dom:kMD’nénA_’M:kfl(ﬁ’Jr?).
— k - 1
TudngtuAN——l_kbﬁ—ll_kkc. ) L )
NP o . 1+ > = _ 7 v Yl pal
Tads MN = AN =AM = = @+ ——- (7@ — b ) hay MN = = - BC + —— - BA".

Vay MN, BC, BA dong phéng suy ra MN || (BCA’) do M & (BCA').

m.c.
(L__m
1—k
Suyrad — K _ (ﬁﬁhénatadmxk———llﬂudéﬁﬁﬁ—-—l(ﬁ-ﬂ-?)
L+k_
(1—k

l

—

Mit khac AD' = @ + ©,DB = b — € nén ta c6 ngay MN.AD' = 0 va MN.DB = 0.
Nhu thé 1a MN vudng goc véi AD’ va DB.
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BAI2. HAI DUONG THANG VUONG GOC

® TOM TAT Li THUYET

4) TiCH VO HUONG CUA HAI VEC-TO TRONG KHONG GIAN

—

Dinh nghia 1. Trong khong gian, cho U va vla la hai vec-to khac vec-to - khong Lay mot diém A

bat ki, goi B, C 1a hai dlem sao cho AB = #, AC = 7. Khi d¢, ta goi BAC 0° < BAC < 180°) Ia
goc gitra hai vec-to 1 va U, ki hiéu la (4, 7).

Dinh nghia 2. Trong khong gian, cho i va ¥ 1a hai vec-to khac vec-to - khong. Tich v6 hudng
ctia hai vec-tg # va U 1a mot s6, ki hiéu 1a .7, va dugce tinh bdi cong thitc

/N Trong truomg hop @ = O hoic T = 0, ta quy wéc 7.7 = 0.

€ GOC GIFA HAI BUONG THANG

Dinh nghia 3.
Vec-to @ khdc vec-td - khong dugce goi la vec-to chi phuong cta dudng y
thang d néu gia cta vec-to @ song song hodc tring v6i duong thang d.

d

VAN

(I Néu @ la vec-to chi phuong ciia duong thang d thi vec-to k. @ véi k # 0 ciing la vec-to chi phuong
ctia duong thing d.

(2) Mot duong thﬁng d trong khong gian hoan toan dugc xdc dinh néu biét mot diém A thudc d va mot
vec-to chi phuong @ cila no.

(3) Hai duong thing song song véi nhau khi va chi chiing 1a hai duong thing phan biét va cd hai vec-to
chi phuong cung phuong.

Dinh nghia 4. Goc gitta hai dudng thang a va b trong khong gian 1a goc gitra hai duong thang a’
va b’ ciing di qua mot diém va lan lugt song song vdi a va b.
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/N

(D) D€ xdc dinh goc giita hai duong thing a va b ta cd thé ldy diém O thuéc mot trong hai duong thang
do roi vé mot duong thang qua O va song song vdi duong thing con lai.

(2) Néu u va ¥ lan lugt la vec-to chi phuong ciia a va b, dong thoi (i, T) = a thi goc giita hai duong
thang a va b bang x néu 0° < « < 90° va bing 180° — a néu 90° < a < 180°.

(3) Néu ava b la hai duong thing song song hodc tring nhau thi gdc giita chiing bing 0°.

(® CACDANG TOAN

(O DANG 2.1. Xdac dinh géc gitra hai vec-to

Ta xdc dinh mot diém cho trudc trén hinh lam diém goc va doi cdc vec-to can tinh goc vé diém goc do.

VI DU 1. Cho tir dién déu ABCD c6 H la trung diém ctia canh AB. Hay tinh gc gitra cac
cap vec-to sau day:

(1) ABva BD. @) DH va AD.
@ Lo gidi
A E
Hf-.
B&o----f-- D
C
F

@ Dung AE = BD. Tac6 (AB, BD) = (AB, AE) = BAE = 120°.

@ Dung DE = AD. Tacé (DH, AD) = (DH, DF) = HDF = 180° — 30° = 150°.
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VI DU 2. Cho ti dién SABC c6 SA, SB, SC doi mot Ot vuong ¢ gocva SA = SB = SC = a. Goi
M la trung diém ctia BC. Tinh géc gitra hai vec-to SM va AB.

@ Loi gidi
U -
Goi « 1a gbc gitra hai vec-to SM va AB, ta c6 cosa = SM.AB
C6 BC = AB = v/SAZ+ SB? = ay/2, SM = 132_c - #
Mt khic ta c6 SM - AB = 1 (5B + 5C) - (5B — 5A)
— — — — — — —> 2
- %(SBZ—SB-SA—i—SC-SB—SC-SA) - %
Vay cosa = i e
. =5 ~»3 = 60°.
Cach khac: Goi N 1a trung diém ctia AC, ta dé dang chiing minh
dugec ASMN déu. C

C6 (SM, AB) = (SM, NM) = (M$, MN) = NMS = 60°.

(3 DANG 2.2. Xdc dinh géc gitta hai dudng théng trong khéng gian

Ta thuong cd hai phuong phdp dé gidi quyét cho dang todn nay.

— Phwong phdp 1: Sir dung dinh nghia géc gifta hai duong thing, két hop sit dung hé thiic
lugng trong tam gidc (dinh Iy cos, cong thiic trung tuyén).

— Phwrong phdp 2: Sir dung tich v6 hwong cua hai vec-to.

VI DU 1. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh l1a a. Tinh géc gittra cc cap dudng
thang sau day

@) ABva A'D’. 2 ADva A'C'. (3) BC'va B'D'.
@ Loigidi
A’ D’
B! :
5 /
,‘L:"""""" ====zz=
2SN Eliay D
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1) Tacé A'D' | AD nén (AB, A'D') = (AB, AD) = BAD = 90°.
@ Tacé A'C' | AC nén (AD, A'C') = (AD, AC) = DAC = 45°.

3 Tac6 B'D' || BD nén (BC',B'D') = (BC',BD) = DBC.
Ta cé BD = BC' = C'D = ABvV2nén ABDC’ déu, suy ra DBC’ = 60°.
Vay (BC', B'D') = 60°.

O
VI DU 2. Cho hinh chép S.ABC ¢6 SA = SB = SC = AB = AC = av/2 va BC = 2a. Tinh
gbc gitta hai duong thang AC va SB.
(¢ Loi gidi
Ta c6 SAB va SAC la tam giac déu, ABC va SBC la tam giac S
vudng can canh huyén BC.
Goi M, N, P lan lugt 1a trung diém cta SA, AB, BC, ta c6
MN || SB, NP || ACnén (AC,SB) = (NP, MN).
SB _aV2 AC _av2
MN = - BC2 , NP = - =5 M
AP=SP=—=4a,SA=0aV2
Nén ASAP vuong can tai P = MP = 52A a\/i.
Vay AMNP déu = (AC,SB) = (NP, NM) = MNP = 60°. A c
Cach khac: I
AC - SB—(SC SA) SB=SC-SB—SA-SB p
=0—-SA-SB- cosASB = —a’. B
|AC-SB| a2 1
AC,SB = =
cos(AC,SB) = 258 ~avh.avs 2
= (AC,SB) = 60°.
O

BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh la 24, tam gidc SBC vuong can tai
S,SA =2a.

(D Tinh goc gitta hai duong thang SB va AC.
(2 Goi G la trong tam ctia tam giac SBC. Tinh goc tao bdi AG va SC.

Loi giai.
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B

@D Goi M, N, P la trung diém cta SA, AB, BC, ta c6 MN || SB, NP || AC nén (SB, AC) =
(MN, NP).

ANABC déunénAP:%\/E:a\/@, ASBC vudng can tai S nén SP:%:a,métkhéc
c6 SA =2a = /SP?2 4+ AP? nén ASAP vudng tai P.
SB _aV2 AC _ SA
MN_? 22 NP2 - : ]\i[/]i—z—a.
——  MN*+ NP*— MP> V2 B v S
cos MNP = o = = = (B, AC) = (MN, NP) = MNP ~ 69°17".
@) Tac6 AG - SC = (PG — PA)(PC — PS)
2 2
—PG-PC—PG-PS—PA-PC+PA- PS—O—%—O-I—O—?
C6 SC = av/2, AG = VAP? + PG2 = Za‘f
A 5
AG-SC 2 1
3 o /
cos(SC, AG = = = (SC, AG) ~ 82°19'.
( )= SC- AG 2077  2y/14 ( )
a2 - 3

O

BAI 2. Cho ti dién déu ABCD c6 canh bang a. Goi M 1a diém trén canh AB sao cho BM = 3AM.
Tinh géc tao bsi hai duong thang CM va BD.

Loi giai.
Ké MN || BD, N € AD, ta c6 (CM, BD) = (CM, MN). A
Do ABCD la tit dién déu nén ta cé M N
V1
CM = CN = vBM2 + BC2—2-BM - BC - c0s 60° = %
BD a
MN = 2.
4 4 2 2 2
_——  MC2+ MN2—CN 1
CMN = _
cos 2.MC-MN Wik B D
= (CM, BD) = (CM, MN) = CMN =~ 82°1'.
C

OJ

BAI 3. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vudng canh bang a, cic tam gidc SAB va
SAD cting vudng goc tai A. Biét rang SA = a+/2, goi M la trung diém ctia canh SB.
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(1) Tinh géc tao béi hai vec-to AC va SD.
(2) Tinh géc tao bdi hai duong thang AM va SC.
8 g g

Loi giai.

(1) C6 AC-SD = (AB+ AD) - (AD — AS) = AB- AD — AB- AS + AD? — AD - AS = a?
Do ABCD la hinh vuéng nén AC = ABv2 = av/2, SD = vSA2 + AD? = a/3.

AC-SD 2 —
@ = (AC,SD) ~ 65°54'.

1
Vaycos(AC SD) AC SD 2-a\/§:%

JAR2 2
(2) ASAB vudng tai Anén AM = SZB AB 2+ 547 _ a\2/§.

CoSA-ACzSA-(AB-i—AD):SA-AB-I—SA-AD:O
NénSALI%c;sscz\/5A2+Ac2:%a.
m’.s_c’:E(E’HTS’)-(TC’—XS’):E(fTB’-/Tc:’_E’.fTs’HTs’-fT(:’—A_s’Z)
2
( f£—0+0 2a):—”—

2

N

a

[AM.-SC| _ 1AM, sC) ~ 7313

R
AM-SC 43 23
— 2

cos(AM,SC) =

O

BAI 4. Cho hinh lap phuwong ABCD.A’B'C'D’ ¢6 canh bang a, goi M la trung diém ctia AB, N 1a
diém trén canh B'C’ sao cho B'N = 2C’N. Tinh cos ctia gbc tao béi hai duong thang DM va AN.

Loi giai.
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A’ o
B’ E
: Ill' N CI
A/
it ALl
’-'/_’ ----------------- D
M
’ C

Tac6 AA - A'N = AA’- (A'B' + B'N) = AA’ - A'B' + AA'-B'N =0+ BB - BN =0
av/22
=

Vay AA’ 1 A’Nnén AN = VAA? + A/N2 = /AA? + A/B?2 + B/N2 =

DM = VAM? + AD? = %

703

AN -DM = (AA' + A'B' + B'N) - (AM — AD) = AA'- AM + A'B'- AM + B'N - AM — AA! -

= T R e a2 AB? 2AD* _ a* 24 a?
AD—A'B"-AD—-B'N-AD=0+"—+0-0-0— = - =—
M 3 2 3 6
N a2
C6 cos(AN, DM) AN - DM| 6 !
0 Cos , = = —
AN-DM 422 a5 /110
3 2

[ DANG 2.3. S& dung finh chét vuéng géc trong mat phdng.

D€ chitng minh hai duong thing A va A vudéng gdc véi nhau ta cd thé sir dung tinh chit vuong gdc

trong mit phing, cu thé’
— Tam gidc ABC vuéng tai A khi va chi khi BAC = 90° < ABC + ACB = 90°.
— Tam gidc ABC vudng tai A khi va chi khi AB> + AC? = BC?.

— Tam gidc ABC vudng tai A khi va chi khi trung tuyén xudt phat tir A cé do dai bang nita canh

BC.

— Néu tam gidc ABC cin tai A thi duong trung tuyén xudt phat tir A cing la duong cao ciia

tam gidc.

Ngoai ra, chiing ta ciing sit dung tinh chat: Néu d | Ava A' || d thi A’ ciing vudéng goc vdi duong

thing A.

Vi DU 1. Cho tt dién ABCD ¢6 AB = AC = AD, BAC = BAD = 60°. Goi M va N lan
luot 1a trung diém ctia AB va CD, chitng minh rang MN 1a dudng vuong géc chung ctia cac

duong thang AB va CD.

@ Loi gidi
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Tir gia thiét suy ra cac tam gidc ABC, ABD déu nén DM = A
CM, do d6 AMCD can tai M.

Tir d6 suy ra MN L CD.

Mat khac ABCD = AACD nén BN = AN, do d6 ANAB can

tai N. MA
Tir d6 suyra NM 1 AB.
Vay MN la duong vudng goc chung caa AB va CD. B D
>
N
C
O
VI DU 2. Cho hinh chép S.ABC ¢6 SA = SB = SC = a, ASB = 60°, BSC = 90°,CSA =
120°. Cho H la trung diém AC. Ching minh rang:
O SH L AC.
(2 AB L BC.
(¢ Loi gidi
S
(D Do tam gidc SAC can tai S va H 1a trung diém AC nén
SH 1 AC.
@) Do SA = SB = ava ASB = 60° nén ASAB déu. Tix d6
suy ra AB = a. (1)
Ap dung dinh ly ham s6 cos cho cac tam giac SAC ta
co
AC? = SA% 4 SC? - 2SA.SC.cosASC = 24> — A ¢
24°.c0s 120° = 3a”. ()
Ap dung dinh ly Pitago cho tam gidc SBC, ta c6 BC? = &«
SB? 4 SC? = 24°. (3) B
Tix (1), (2), (3) suy ra AC> = AB? + BC?> = AB 1 BC.
O

VI DU 3. Cho hinh chép S.ABCD ¢6 SA = x va tit cd cdc canh con lai déu bang 1. Ching
minh rang SA | SC.

@ Loi gidi

Ta c6 ABCD la hinh thoi, goi O 1a giao diém cua AC va
BD suy ra O la trung diém cua AC, BD.
Xét cac tam giac SBD va CBD, ta co:
SB=CB
SD = CD = ASBD = ACBD.
BD chung
1

Tir d6 suy ra SO = CO = EAC'
Vay tam gidc SAC vuong tai S hay SA L SC.
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BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudéng tim O va SA = SB = SC = SD.
Ching minh rang SO 1. ABva SO L AD.

Loi giai.

Goi M, N lan lugt 1a trung diém cta AB,CD. Do
ASAB = ASCD nén ta suy ra SM = SN.

Xét tam gidc can SMN ¢6 O la trung diém MN, suy
ra SO L MN.

Mat khdc AD || MN nén AD L SO.

Tuong tu ta ching minh dugc AB L SO.

O

BAI 2. Cho hinh lap phuong ABCD.A'B'C'D’ c6 M, N lan lugt la trung diém BC,C'D’. Ching
minh rang AM | B'N.

Loi giai.
Goi K 1a trung diém CD, khi d6 BK || B'N. Ta sé chitng minh B's C’
BK L AM. | A
Goi I 1a giao diém ctia BK va AM. Do AABM = ABCK nén: i
A’ , D/
BAI+ ABI = IBC+ ABI =90° = AIB = 90°. |
Do dé BK L AM tai I. E M
B/)-::—::;/—,———————— C
A D

BAI 3. Cho hinh chép S.ABCD c6 ddy la hinh vuong va c6 tat ca cac canh déu bang a. Cho M va
N lan lugt la trung diém cta AD va SD, chiing minh rang MN L SC.
Loi giai.
Tir gia thiét ta c6
ASAC = ADAC = ASC = ADC = 90° = SA L SC.

Mt khéc MN || SA = MN L SC.

BAI 4. Cho hinh chép S.ABCD c6 day la hinh vuéng canh 24, tam giac SAB déu va SC = 2av/2.
Goi H, K 1an luot 1a trung diém ctia AB, CD. Chung minh ré“mg SH 1 AK.
Loi giai.
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Ta c6 AK || HC, do d6 chi can ching minh SH | HC.
AB+3
ALNPY

Do ASAB déu canh 2a nén SH =
Ta c6 HC? = HB? 4+ BC? = a2 + 4a” = 542,

Tir d6 suy ra SH? + HC? = 3a? + 5a%> = 8a%> = SC.
Theo dinh ly Pitago ta c6 SH L HC.

BAI 5. Cho tit dién ABCD c6 AB = x, tit ca cac canh con lai c6 do dai béng a. K 1a trung diém
AB va I la diém bat ky trén canh CD, chiing minh rang IK | AB.

Loi giai.

Xét cac tam giac ACI va BCI, ta co: A
BC = AC
CI chung )
BCI = ACI = 60° KA

Tir d6 suy ra AACI = ABCI = IB = IC.
Xét tam gidc can IAB, ta c6 K 1a trung diém AB nén IK L
AB. B D

C
UJ

BAI 6. Cho hinh chép S.ABCD c¢6 ddy ABCD 1a hinh thang vuéng tai A va B, AD = 2a, AB =
BC =a.SA 1 ADvaSA 1 AC.Chiing minh rang SC 1 DC.

Loi giai.

Goi I 1a trung diém AD = ABCI la hinh
vuong canh a, do d6 ACID vudng can tai I. Tir
dé ta c6 CD? = 242, (1)
Ap dung dinh ly Pitago cho cic tam giac
SAC,SAD ta co:

SD? = SA? + AD? = SA? + 4a?; )
SC? = SA? + AC? = SA? + 242, (3)
T (1), (2) va (3) ta suy ra

SD? = SC? + CD? = SC L CD.

0

(D DANG 2.4. Hai dudng thdng song song ciing vudng géc véi mét dudng thdng thix
ba

Dé chitng minh duong thang a 1 b, ta chitng minh a || a’, 6 dé a’ L b.
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VI DU 1. Cho hinh chép S.ABC ¢6 AB = AC.Lay M, N va P 1an luot 1a trung diém ctia cac
canh BC, SB va SC. Ching minh rang AM vudng géc v6i NP.

@ Loi gidi

Do N, P lan lugt la trung diém ctia cdc canh SB va SC nén S

NP la dudng trung binh cta tam giac SBC, tr dé suy ra NP ||

BC. (1)

Mat khéc, do tam gidc ABC cén tai A, suy ra trung tuyén

AM 1 BC. (2) P
Tir (1)(2) suyra AM L NP.

0

Vi DU 2. Cho hinh lang tru tam gidc ABC.A'B'C’ ¢6 déy la tam gidc déu. Ly M la trung
diém ctia canh BC. Chiing minh rang AM vudng géc vé6i B'C’.

@ Loi gidi

Do tui giac BB’C’C la hinh binh hanh nén BC || B'C’. A C
(1) >
Mt khac, do tam gidc ABC déunén AM L BC.  (2)

Tir (1)(2) suyra AM L B'C'.

A’ o

B/
0
VI DU 3. Cho hinh lap phuong ABCD.A’B'C'D’ canh a. Cac diém M, N lan lugt 1a trung

diém ctia cac canh AB, BC. Trén canh B'C’ lay diém P sao cho C'P = x (0 < x < a). Trén
canh C'D’ 14y diém Q sao cho C'Q = x. Ching minh rang MN vuéng goc vdi PQ.

@ Loi gidi
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Do tit gidc BB'D’D la hinh chit nhét, suy ra BD || B'D’. D C
1) :
Do ABCD la hinh vuéng, suy ra BD L AC. (2) | N
Tir (1)(2) suyra B'D" L AC. (3) !
Theo bai ra ta c6 MN la duong trung binh cua tam gidac 4 i M B
ABC, suy ra MN || AC. (4) !
cep |
Mat khac, ta c6 =— = C’—lg’ = g, suyra PQ || B'D'. (5) :
Tir (3)(4)(5) ta c6 MN 1 PQ. pho Qe
o B

BAI TAP TU LUYEN
BAI 1. Cho hinh lang tru ding ABC.A'B'C’. Goi G, G’ lan luot la trong tdm hai ddy. Ching minh
rang GG’ vudng goc vdi BC.
Loi giai.

A

Dé dang ching minh duge GG’ || MM’ va MM’ L BC. Tix
d6 suy ra diéu phai chitng minh.

A/

O

BAI 2. Cho t dién déu ABCD. Goi M, N, P va Q lan luot la trung diém cac canh AB, CD, AD
va AC. Chung minh réng MN vudng goc voi PQ.
Loi giai.

Theo gia thiét tac6 AABC = AABD, tird6 tacé6 MC = MD,
suy ra AMCD can tai M, suy ra MN L CD. (1)
Cing theo gia thiét ta c6 PQ la duong trung binh ctia tam
giac ACD, suy ra PQ || CD. (2)
Tix (1)(2) suy ra diéu phai chitng minh.
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BAI 3. Cho tit dién ABCD ¢6 AB = CD = 2a (a > 0). Goi M, N lan luot 1a trung diém céc canh
BC, AD. Biét rang MN = a+/2. Chting minh rang AB vuong goc véi CD.

Loi giai.
Lay P la trung diém cua AC. A
. 1
Theo tinh chat duong trung binh ta c6 PN ||= ECD =ava
1
Tir d6 ta c6 MP? + NP? = 24> = MN?, vay tam giac MNP
vuong tai P suy ra MP L NP. ()
Tir () (*x) taco AB L CD.
B D
M
2a
C
O

BAI 4. Cho tit dién ABCD, ¢6 AB = CD. Goi G la trong tam cua tam giac ABD, M thudc canh
AC sao cho AC = 3AM, cac diém N, P lan luot 1a trung diém ctia cac canh AD, BC. Chiing minh
rang MG vuodng goc vdi NP.

Loi giai.

L4y E, F lan lugt la trung diém cta AC, BD.

., AM AG 2
TaCOE—ﬁ—gjsuyraMG H EF. (1)
Mat khdc theo tinh chat duong trung binh ta c6

1
EN |=FP=;CD=a

1
EP |=FN = ;AB=a.

Tir d6 suy ra ti gidc ENFP la hinh thoi, suy ra EF 1. NP.(2)
Tir (1) va (2) suy ra MG L. NP.
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BAI3. DUONG THANG VUONG GOC VOI MAT

PHANG
@ TOM TAT Li THUYET

€) DINHNGHIA

Dinh nghia 1.

Duong thang d dugc goi la vudng goc voi mat phang (a) néu

d vudng géc voi moi dudng thang a ndm trong mait phang

() L d.

(). 2 |
Khi d6 ta con néi () vudng goc d va ki hiéud L («) hodc \ E
a .

|

€ DIt KIEN DE DUONG THANG VUONG GOC VOI MAT PHANG

Dinh 1i 1. Néu mgt duong thang vudéng goc vdi hai duong thang cit nhau cing thudc mot mat phing thi

né vuong goc vdi mét phiang dy.

/N Tom tit dinh Ii.

d
a,b C (a)
anb=0 Z
ila =d L (a). P |
dLlb M l

Hé qud 1. Néu mot duong thang vudng goc v6i hai canh ctia mot tam gidc thi né ciing vudng

goc voi canh tha ba ctia tam giac do.

€) TiINH CHAT

Tinh chét 1. C6 duy nhat mot mat phang di qua mot diém
cho trude va vuong goc voi mot duong thang cho trude.

e

/N Chiiy



3. DUONG THANG VUONG GOC VOI MAT PHANG 711

Mt phing trung truc ciia doan thing AB la mit phing di qua trung
diém I ctia doan thang AB va vudéng goc véi duong thing AB.

Tinh chét 2. C6 duy nhat mot duong thang di qua mot
diém cho trudc va vudng goc voi mot mat phang cho
trudc.

€) LEN HE GITA QUAN HE SONG SONG VA QUAN HE VUONG GOC CUA BUONG
THANG VA MAT PHANG

Tinh chét 3.
(D Cho hai duong thang song song. Mit phang nao vuong

gbc voi duong thang nay thi ciing vuong goc véi duong
thang kia.

/N Tom tit:

{”(lﬂjl)ia = (&) Lb.

@) Hai duong thang phan biét cling vuong géc véi mot mat
phang thi song song vdi nhau.
IN Tom tit:
al (a)
bl (a)=alb.
aZb




712 CHUONG 3. QUAN HE VUONG GOC

Tinh chét 4.

(D Cho hai mat phang song song. Duong thang nao
vuong goc voi mat phang nay thi ciing vudng goc
vOi mat phang kia.

LN\ Tom tit:
() | (B) !
{aL(a) =aLp) /( =

(2) Hai mat phang phan biét cing vudng goc véi mot
duong thang thi song song véi nhau.
/N Tom tit: P
() La
(B) La = (a)ll (B)-
(@) # (B)

Tinh chét 5.

(D Cho duong thang a va mat phang (@)
song song v6i nhau. Duong thang nao
vuong goc v6i mat phang (a) thi cling
vudng goc voi a. b .
LN Tom tit:

a|l (a)
{bL(zx)ibla'

(2) Néu mot duong thang va mot mat phang .
(khong chita duong thang dé) cung X !
vuong goc v6i mot duong thang khac thi
ching song song vdi nhau.

/N Tom tit:
a g (a)
alb =al (a).
(w) L b

€©) PHEP CHIEU VUONG GOC VA BINH LY BA DUONG VUONG GOC

1. Phép chiéu vuong goc -
Cho duong thang A vudng goc v6i mat phang (« )- Phép
chiéu song song theo phuong ctia A 1én mat phang ()
dugc goi 1a phép chiéu vuong goc 1én mat phing («). L _____

[ o
e
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2. Dinh li ba duong vudng goc > —
' b
0 N 2 A/
binh li 2. Cho duong thang a nam trong mat phang («) -
va b la duong thing khong thudc (a) dong thoi khong vudéng B
g6c vdi (a). Goi b’ la hinh chiéu vuéng goc ciia b trén (w). s
Khi d6 a vuéng géc vdi b khi va chi khi a vuéng géc vdi b'. ;b
Al B’
o a
/N Tom tit:
aC (w)
b ()
=albeall
b [ ()
b’ la hinh chiéu vuéng goc b trén (a)
3. Géc Giira duong thang va mit phang i\ A
Dinh nghia 2. Cho duong thang d va mit phang (). 22
Truong hop duang thang d vubng goc voi mat phang
(#) thi ta néi rang goc gitta duong thang d va mat d | N\ O
phang () bang 90°. H )

Truong hop du’dng thang d khong Vuong goc voi mat
phang (a) thi goc gitra duong thang d va hinh chiéu d’
ctia n6 trén (a) goi la goc gitta duong thang d va mat

phang («)
/N Chii y: Néu o la goc gifta duong thing d va mit phing («) thi ta luén c6 0° < ¢ < 90°.

(® CACDANG TOAN

[ DANG 3.1. Pudng théng vudéng géc véi mat phéng

D€ chitng minh duong thing A vudng goc vdi mit phing («), ta thuc hién theo mot trong hai cach
sau:

(@) Chitng minh A vudéng goc vdi hai duong thang cit nhau thudc (a).

A

</

(2) Chitng minh A song song véi duong thing (d), trong dé (d) vuéng goc vdi ().

AW
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Dé chiing minh duong thing (A) vudng géc vdi duong thang (d), ta thic hién theo mot trong cdc
cdch sau:

(1) Chitng minh (A) vudng géc véi mit phing («) chita (d).

(2) Sir dung dinh Iy ba duong vuéng goc.

5/

(3) Néu hai duong thing cit nhau thi ta cd thé sir dung cdc phwong phdp chitng minh hai duong
thang vudéng géc trong mit phing.

AN

Vi DU 1. Cho hinh chép S.ABCD c6 day la hinh vuéng va cac canh bén bang nhau. Goi I
1a giao diém ctia AC va BD. Chiing minh rang SI | (ABCD).

@ Loi gidi

Dé chitng minh SI vudng géc véi mat phang (ABCD) ta can chitng minh ST vudng géc véi hai
canh cat nhau trong mat phéng do.
Theo gia thiét, ASAC va ASBD la tam gidc can tai S. Honntta I = AC N BD 1a trung diém cta
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AC va BD (do ABCD la hinh vuéng). Tix do ta co:

SI 1 AC
SILBD = SI 1 (ABCD)
ACNBD =1

Vay SI L (ABCD). 0

VI DU 2. Cho lang tru ABCD.A'B'C'D’ ¢6 day ABCD la hinh binh hanh, cic canh bén
vuodng goc v6i mat day. AACD vudng tai A, AC = AA’. Chiing minh rang AC’' L (A'D'C).

@ Loi gidi

B/

S

D/ A\ C/

T GREEET EEEEEES
\
.

Y
Y
‘\D>
/1
1
1
1
1
1~
A
1
1
1
L
1
1
1
1
1
1
1

AA'C'C 1a hinh chit nhat

AA = A'C

— AA'C'C Ia hinh vuéng = AC' L A'C (1)

Laic6 AA” L (A'B'C'D’') = AA’” 1L A’D’. Lai ¢c6 AD'A'C’ vudng tai A’ nén A’'D’ 1. A'C’. Tt d6
ta dugc

A'D' 1 (AA'C'C) = A'D' 1L AC' (2).

Tir (1) va (2) ta 6 AC' L (A’D'C). 0

Theo gia thiét ta co {

VI DU 3. Cho hinh chép S.ABC véi ddy ABC 1a tam gidc déu canh a, SA | (ABC), SA =

%5. Goi I, K 1an lugt 1a trung diém BC, SI. Chiing minh rang AK 1 (SBC).

@ Loi gidi
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Theo gia thiét A ABC la tam gidc déu canh 4,1 1a trung diém BC suy ra AI L BC (1) va Al = %g.

Laicé SA L (ABC) = SA L BC (2).
Tix (1) va (2) ta c6 BC L (SAI) = BC L AK. (3)
a3

Tam giac SAI c6 SA = Al = - nén ASAI 1a tam gidc can tai A, hon nira K 1a trung diém SI
suy ra AK L SI. (4)
Tir (3) va (4) ta c6 AK L (SBC). O

BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABCD, day ABCD la hinh vudng canh a. Mt bén SAB la tam giac déu,
SCD la tam gidc vuong can dinh S. Goi M, N lan luot 1a trung diém ctia AB va CD.

(1) Ching minh SM L (SCD), SD L MC.
(2 Goi H la hinh chiéu vuéng goc ctia S trén MN. Ching minh SH L BN. Tinh SH.

Lai giai.

A . < . R 2 n N ﬂ\/§
(1 ASAB déu canh a c6 M 1a trung diém ctia ABnén SM | ABva SM = —
2 a
ASCD vudng can tai S c6 CD = a, N la trung diém CD suy ra SN = >
; L oas2 )32 2
Xét ASMN c6 SM*+ SN = —+ — =a~ = MN-~.

4 4
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Suy ra SM L SN.Ma SM L CD (viCD || AB). Do dé SM L (SCD).
C6SD L SMvaSD L SCnén SD L MC.

(2 C6CD L MN,CD 1 SNsuyraCD L (SMN)= CD 1 SH.
Ma SH L MN nén SH L (ABCD). Do d6 SH L. MC.
av3 a
_SM.SN 55 aV3

SH MN a 4

0
BAI 2. Cho hinh lang tru ABC.A’B'C’ c6 day la tam gidc déu canh 4, canh bén bang 2a. Biét hinh
chiéu cta A’ 1én (ABC) la trung diém H ctia AB. Goi H' 1a trung diém cta A’B’, M 1a diém thudc
canh B'C’ sao cho B'C' = 4B’ M.
(1 Ching minh B'C' L (BMH).
(2) Tu giac CHH'C’ 1a hinh gi? Tai sao? Tinh CH'.

Loi giai.

(D AA'B'C' déunén H'M song song v6i duong cao ké tir A’, do d6 H'M L B'C’.
Laic6 BH' || A'Hma A’H | (ABC) nén BH' L BC.Suy ra BH' L B'C'.
Do d6 B'C' L (BMH).

@ C6CH 1. AB;CH L A’/Hnén CH L (ABB’A/), suyra CH L HH'.
Hinh binh hanh CHH'C’ ¢c6 H'HC = 90° nén CHH'C’ 1a hinh chir nhat.
3¢  av/19
CH = +vHH"?+CH? = (/442 + — = :

4 2

O
BAI 3. Trong mit phang (P), cho tam gidc MAB vuong tai M . Trén dudng thang vuong goc v6i
(P) tai A, ta lay hai diém C, D khac phia so v&i A. Goi C' 1a hinh chiéu cta C trén MD, H la giao
diém cua AM va CC'.
(@ Chung minh CC' 1 (MBD).
(2) Goi K 1a hinh chiéu cta H trén AB. Ching minh K 1a tryc tim tam giac BCD.

Loi giai.
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oIS m

1

41
1
1
1
1
1
1
\
os]

N\D—

1 C6BM L AM,BM | CD = BM 1 (CC'D) = BM L CC'.
Laic6 CC" L MD, suyra CC' L (MBD).

(2 C6 HK L AB, HK | AD, suy ra HK L BD.
Theo y trén, lai c6 CH L. BD. Do d6 CK L BD.
ACBD ¢6 BK L CD,CK 1 BD nén nhan K lam truc tam.

O

BAI 4. Hinh chép S.ABCD c6 déy la hinh thoi ABCD tam I, ¢6 canh bang a va dudng chéo
6 . 2 N .

BD = a. Canh SC = %_ vudng goc vai mat phang (ABCD). Thiét dién cta hinh chép S.ABCD

cat bdi mat phang («) di qua I va vudng géc v6i doan SA 1a hinh gi?
Loi giai.

Vi ABCD la hinh thoi nén BD 1 AC.

ViSC L (ABCD) nén SC L BD.

Suy ra BD L (SAC),do dé BD L SA.

Trong mat phang (SAC) ha IH | SAtai H,suyra SA 1 (BDH).N6i BH, DH, ta dugc mat phang
(«) chinh la tam giac DHB.

Xét hai tam giac vuéng AHI va ACS dong dang vi c6 chung géc nhon A nén:

IH SC ALSC
A~ as =T )

Vi BD = anén AABD la tam gidc déu, do dé:

A1:¥<:AC:2AI:a\/§.
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SA = JACT 1 5C2 = W2

2

a BD
To tacoIH = - = —.

U (*) ta co 5 > .
Tam gidc BHD c6 trung tuyén IH ting v6i canh BD bang - nén do la tam giac vuodng tai H.

0J

BAI 5. Ti dién S.ABC ¢6 SA vuong goc voi mat phfmg (ABC). Goi H va K 1an luot 1a truc tam
ctia cac tam giac ABC va SBC. Ching minh rang HK L (SBC).

Loi giai.

Vi K la truc tam cta tam giac SBC nén BK L SC.(1)

Cé H la truc tam caa tam gidc ABC nén BH L AC va SA L (ABC) nén BH 1 SA . Do d6
BH L (SAC) nén BH L SC.(2)

Tir (1) va (2) ta suy ra SC L (BHK), nén SC L HK. (*)

Goi A’ 1a giao diém ctia AH va BC.

C6AA" L BCvaBC L SAnén BC L (SAA’),suyra BC L SA'.

Do d6 c6 SA’ 1a duong cao ctuia tam giac SBC nén SA’ di qua K.

Vay BC L HK (**).

Tir (*) va (**) suy ra HK L (SBC).

U

BAI 6. Cho hinh chop S.ABC c6 day la tam giac ABC vudng tai B, ASAB, ASAC can tai S. [, |,
K lan luot 1a trung diém cua AB, BC, CA. Chitng minh réng:

@) SK L (ABC).

@ BC L (SK])).

Loi giai.
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0

(1) Tacé ASABcantai S, I la trung diém ABnén SI | AB. (1)
Lai c6 IK la duong trung binh ctia tam gidc ABC suy ra IK || BC = IK L AB (2) (do AABC
vuong tai B.)
Tir (1) va (2) ta c6 AB L (SIK) = AB L SK. (3)
Tam gidc SAC can tai S, K la trung diém AC nén SK | AC. (4)
Tir (3) va (4) ta c6 SK L (ABC).

(2) Theo (a) tacé SK 1 (ABC) = SK 1 BC.
Lai c6 K] la duong trung binh cia AABC nén KJ || AB = KJ L BC.
Vay ta duoc BC L (SKJ).

[ DANG 3.2. Géc gilra dudng théng v mat phéng

Cho duong thang d va mét phang (P) cit nhau.
Néud 1 (P) thi (d, (P)) = 90°.

d »\O

-
H

Néu d [ (P) thi dé xdc dinh goc gitia d va (P), ta thuong lam nhu sau
(D) Xdc dinh giao diém O ciia d va (P).

(2) Lay mét diém A trén d (A khdc O). Xdc dinh hinh chiéu vuéng géc (vuéng goc) H ciia A lén
(P). Liic d6 (d, (P)) = (d,d') = AOH.

/N 0° < (d, (P)) < 90°.
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VI DU 1. Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh vuong canh a, SA = av6 va SA
vudng goc (ABCD). Hay xac dinh cac goc gitra

@ SC va (ABCD).
@ SCva (SAB).
®3) SBva (SAC).
@ AC va (SBC).

@ Ldi gidi

@ Vi AC la hinh chiéu vuéng goc ctia SC lén (ABCD) nén goc gitta SC va (ABCD) la SCA.

Trong tam gidc SCA, ta c6 tan SCA = 3nén (SC,(ABCD)) = SCA = 60°.

sC
(2 Vi BC L (SAB) tai Bnén SB la hinh chiéu vuong goc ctia SC 1én (SAB).
Do d6 (SC, (SAB)) = (SC,SB) = CSB.

— 1
Trong tam gidc SCB, ta c6 tan CSB = BC _ o nén (SC, (SAB)) = arctan —

SB  aV7 V7
@ Vi BO L (SAC) tai O nén SO la hinh chiéu vudng goc ctia SB 1én (SAC).
Do d6 (SB, (SAC)) = (SB, SO) = BSO.
a\/_
1
bO _ = ——nén (SB, (SAC)) = arcsin ——.

SB a\/— \/_ V14
@) Goi M la hinh chiéu vuong goc ctia A 1én SB. Lic d6 AM | SBva AM 1 BC (vi BC L
(SAB) va AM C (SAB))nén AM 1 (SBC) tai M. Do d6 MC 1a hinh chiéu vuéng géc cta
AC lén (SBC).
Suy ra (AC, (SBC)) = (AC,MC) = ACM.

Trong tam giac SBO, ta co sin BSO =

A.AB —
Trong tam giac SAB, tac6 AM = 5 S - a\\//_f va trong tam giac ACM, ta c6 sin ACM =
MA V21 V21
aC - 7 nén (AC, (SBC)) = arcsm7
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O

VI DU 2. Cho hinh chép S.ABCD c6 day 1a hinh vuéng canh a, tam O, SO vuédng goc
(ABCD). Goi M, N lan luot 1a trung diém SA, BC. Biét rang goc gitta MN va (ABCD) bang
60°. Tinh goc gitra MN va (SBD).

@ Loi gidi

Goi H la trung diém AO. Ta ¢6 MH || SO nén MH | (ABCD), suy ra HN la hinh chiéu vuéng
géc ctia MN 1én (ABCD). Do d6 (MN, (ABCD)) = (MN,KN) = MNK = 60°.

— V1
Trong tam giac HCN, ta c6 HN? = HC? + CN? — 2HC.CN.cos HCN, suy ra HN = 1 1 O.
— H v
Ma trong tam giac MNH, ta c6 V3 = tan MNH = AP/II_N nén MH = 4 430, suy ra SO = 2MH =
av/ 30
2 .
Goi K 1a trung diém SD.

Ta ¢6 MKCN la hinh binh hanh nén MN song song KC. Do d6 (MN, (SBD)) = (KC, (SBD)).
Ma CO L (SBD) tai O (do CO L DO va CO L SO) nén KO la hinh chiéu vuéng géc cta KC 1én

(SBD). Suy ra (KC, (SBD)) = (KC,KO) = CKO.
Ta c6 OK = %SD = %\/ODZ + 082 = av/2.

—— 0C 1 ——
Mat khac, trong tam giac COK, ta ¢6 tan CKO = OK — o/ suyra (KC, (SBD)) = arctan CKO =
arctan% ~ 26°33'. O
BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh a, SA = 2a va SA vudng goc véi
day. Tinh goc gitra

@ SC va (ABC).
@) SC va (SAB).

Loi giai.
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(D Vi AC 1a hinh chiéu vuéng géc ctia SC 1én (ABC) nén (SC, (ABC)) = (SC, AC) = SCA.

— A
Ta c6 tan SCA = Z—C = 2nén (SC, (ABC)) = arctan2 ~ 63°.

CM 1L AB

CM L SA (viSA L (ABC))
Suy ra SM la hinh chiéu vudng géc ctia SC 1én (SAB).

Do d6 (SC, (SAB)) = (SC,SM) = CSM.

2 Goi M la trung diém AB. Vi { nén CM L (SAB) tai M.

a\/§
Trong tam giac SMC, ta co6 tan CSM = MC _ MC = 2 = 51.
SM  \/SA2 + AM? 22 17
4q2 + Z

Vay (SC, (SAB)) = arctan g ~ 23°.

O]

BAI 2. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng tdm O, canh a, SO vudng goc
(ABCD) va SO = aV/6.

(D Tinh goc gitra canh bén SC va mat day.
(2 Tinh goc gitra SO va (SAD).
(@ Goi I 1a trung diém BC. Tinh goc gitta SI va (SAD).

Loi giai.
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(@ Vi OC 1a hinh chiéu vuéng géc ctia SC 1én (ABCD) nén (SC, (ABCD)) = (SC,0C) = SCO.

Trong tam gidc SOC, ta c6 tan SCO = % = 24/3,dod6 (SC, (ABCD)) = arctan2+/3 ~ 74°.

2 Goi K la trung diém AD va H la hinh chiéu vuéng géc cta O 1én SK. Ta ¢6 OH 1 SK va
OH 1 AD (vi AD 1 (SKO))nén OH 1 (SAD), do d6 H la hinh chiéu vudng géc ctia O 1én
(SAD), suy ra SH la hinh chiéu vuéng géc ctia SO 1én (SAD).

Do dé (SO, (SAD)) = (SO,SH) = HSO.
OK V3

Trong tam giac SOK, ta co tan HSO = tanKSO = —

6
tan — =~ 12°.
arctan 1

(3 Trong tam giac SKI, ké IE vuong goc SK tai E. Lic d6 IE L (SAD) (do IE || OH). Suy ra SE
1a hinh chiéu vuéng goc ctia SI1én (SAD).
Do d6 (SI, (SAD)) = (SI,SE) = ISE = 2HSO ~ 24°.
]
BAI 3. Cho hinh chép S.ABC ¢6 day ABC la tam gidc vuong can tai A, BC =a,SA = SB = SC =
#. Tinh géc gitta SA va (ABC).
Lii giai.
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Goi H 1a hinh chiéu vuéng goc ctia S 1én (ABC). Liic d6 ba tam gidc SAH, SBH va SCH bang
nhau (vi chuing la 3 tam gidc vuong c6 chung canh SH va c6 ba canh SA, SB, SC bang nhau).

Suy ra HA = HB = HC nén H la tam duodng tron ngoai tiép tam gidc vuéng ABC, suy ra H la
trung diém BC.

Do d6 HA 1a hinh chiéu vudng goc ctia SA 1én (ABC), suy ra (SA, (ABC)) = (SA, AH) = SAH.

BC
AH 5 1
Tacscos SAH = o = SLA = 5/ suyma (SA, (ABC)) = arccos \/; ~ 55°. 0

BAI 4. Cho hinh chép S.ABCD c6 déy 1a hinh thang vuong tai A va B, AB = BC = a, AD = 2a.
Canh bén SA = a+/2 va vuédng géc v6i day. Tinh goc gitta duong thang SB va mat phang (SAC).
Loi giai.

Goi I 1a trung diém AD. Lic d6 ABCI 1a hinh vuong, suy ra BI L AC (tai O).
Ma SA L (ABCD) nén BI 1 SA. Do d6 BI 1. (SAC) tai O nén SO 1a hinh chiéu vuéng géc cta
SBlén (SAC),suyra (SB,(SAC)) = (SB,SO) = BSO.

BI
. . — BO F V6
Trong tam giac SBO, ta ¢6 sinBSO = — = —%——_ = — suyra (SB,(SAC)) =
g tam g B A ¢ Suy 1a (5B, (SAC))
arcsin?6 ~~ 24°. OJ

BAI 5. Cho hinh lang tru tam gidc ABC.A’B'C’ c6 day la tam gidc déu canh a va AA’ vuong goc
(ABC). Buong chéo BC’' cia mat bén (BCC'B’) hop véi (ABB'A") mot goc 30°.

@ Tinh AA’.
2 Goi M, N lan luot 1a trung diém AC va BB'. Tinh géc gitta MN va (ACC'A’).
g gocg

Loi giai.
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A M’ C’

B/

@D Goi I la trung diém A'B’. Tac6 C'l L. A’B’vaC'l L BB'nén C'I L (ABB'A’) tai I. Do d6 IB
12 hinh chiéu vudéng géc ctia C'B lén (ABB A’").Suyra (BC',(ABB'A’)) = C'BI = 30°.

,suyralB = S .Khid6 AA’ = BB’ = VIB?> — [B? =

I
Trong tam giac C'IB, ta c6 tan C'BI = ¢ >

1B
av/2.

@ Goi M’ 1a trung diém A’C’ va H la trung diém MM’
Ta c6 BM L (ACC'A’) (vi BM L AC va BM | AA’yma HN || BM nén HN L (ACC'A’)
tai H. Suy ra M H 1a hinh chiéu vuéng géc cia MN 1én (ACC'A’).
Do d6 (MN, (ACC'A")) = (MN, MH) = NMH. Ma trong tam gidc NMH, ta c6 tan NMH =
HN _ V6
MH 2

Vay (MN, (ACC'A")) = arctang ~ 51°.

[ DANG 3.3. Xéc dinh thiét dién clia mét khdi da dién cét bdi mét phdng di qua
mot diém va vudng géc véi mét duong thang cho truéce

Dé xdc dinh thiét dién ciia mot khdi da dién cit bdi mit phﬁng («) di qua diém M va vudng goc vdi
A cho trudc, ta thuc hién nhu sau:

— Dung hai duong théng cit nhau cing vuéng goc voi A trong do co it nhdt mot duong thang
di qua M. Mat phang xdc dinh béi hai duong thing trén chinh la (). Sau dé ta can tim giao
tuyén ciia () vdi cdc mdt ciia khoi da dién.

— Néu c6 sdn hai duong thang chéo nhau hodc cit nhau a, b vuéng goc véi A thi ta dung («) di
qua M va song song vdi a, b.

VI DU 1. Cho lang tru diing ABC.A'B'C’ c6 day ABC la tam giac vuong can dinh C, CA =
2a va mat bén ABB’ A’ 1a hinh vudng. Goi (P) la mat phang di qua C va vuéng goc véi AB'.
Xac dinh thiét dién ctia hinh lang tru da cho khi cat béi mat phang (P) va tinh dién tich thiét
dién do.

@ Loi gidi
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Goi H la trung diém AB = CH 1. AB= CH 1 AB'. A’ c’
Dung HK L AB’, v6i K thudc canh AA’.
Suy ra thiét dién la tam giac CHK va tam giac CHK vuong tai H.

1 /
Scik = 5CH - HK. B

AB Kk
Trong AABC,CH = - = av/2.
A'B-V2
Ta c6 AAHK vudng can tai A va HK = T\/_ = 2a. o
1 1 >

VéySCHK:ECH-HKZE-a\/E-Za:aZ\/Z A

VI DU 2. Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh a, SA = a va vudng géc
v6i mat phang (ABC). Goi M la diém thudc canh AC sao cho AM = 3MC. Goi («) la mat
phang qua M va vuong géc véi canh AC. Xac dinh thiét dién cta hinh chép da cho khi cat
bdi mat phang («) va tinh dién tich thiét dién do.

@ Loi gidi

Goi E 1a trung diém AC = BE 1 AC.

Trong (ABC), dung MN L AC, v6i N thudc canh BC =
MN || EB.

Trong (SAC), dung MP L AC, véi P thudc canh SC =
MP || SA.

Suy ra thiét dién la tam giac MPN va tam gidc MPN
vuong tai M.

1
Supn = ;MN - PM.

. PM CM
Ta co ASASZMCANI;MC :; A= CA
;»PM:'—:Q.Z:Z_
Ta c6 MN la duong trung binh ctia tam giac ABEC
1 1 av/3 aV3
SMN=EB=5 " =

1
VéySMPNZEMN'PM:—-—~—:

BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudéng canh a; SA = a+/3 va vudng goc
v6i mat phang (ABCD). Goi AH la duong cao ctia tam giac SAB. Goi () 1a mat phang qua A va
vuong goéc véi canh SB. Xac dinh thiét dién ctia hinh chép da cho khi cat boi mat phang («) va
tinh dién tich thiét dién do.

Loi giai.
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Trong (SBC), dung HI L SB, v6i I thudc canh
SC = HI || BC (Do BC L SB).

HI C ()

BC C (ABCD)

HI || BC

D la diém chung cua («), (ABCD)

= (a) N (ABCD) = AD || BC || HI.

Suy ra thiét dién la tu gidc AHID.

Ta c6 HI| BC | AD tia gidc AHID la hinh
ACO N A | Al neén tu giac a hin

thang vuong tai A va H.
1
SAHID = E(AD—l—HI) - AH.

Ta co

Trong ASAB, ta co6:
1 1 1 1 1 av/3
= - 4+ = AH=_Y",
A2 SAt AR Tz T2 T 2

HI SH SH-SB SA? SA? 3a? 3

Ta 6 ASHI ~ ASBC = 21 _ 28 _ _ _ _
aco ~ BC SB_ SBZ SBZ SAZt AR 32+ a 1

3 3a
HI=--BC=—.
1 1 3a av/3 7a°v/3
a = _—(AD+ HI)- AH = = - — - = . O
Vay SaHip 2( + HI) > <ﬂ+ 4) > T

BAI 2. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh, SA L (ABCD), M € SA. Mt phing
(P) di qua M va vudng goc v6i SA. Xac dinh thiét dién ctia mat phang (P) v6i hinh chép S.ABCD.
Loi giai.

N
N
N
\ N
\ S
\ N\

R PR e R TRV

4 N
4 N
D &= =~C

ViSA L (ABCD) = SA L AD. Trong mat phang (SAD), qua M € SA ké ME || AD cét SD tai
E, khi do ME 1L SA.

Tuong tu trong mat phang (SAB) ké MF || AB = MF 1 SA.

ViE € SD,F € SB = EF C (SBD). Goi K la giao ctia SI va EF, khi d6 K € (SAC). Lai ¢6
Me SA= M e (SAC). T dé ta c6 MK C (SAC) suy ra MKN SC = N.

Ta thAdy M € (MENF); ME 1 SA,MF 1 SA = SA 1 (MENF), hon ntta qua M c¢6 mét va chi
mot mat phang vudng géc véi SA do d6 (P) = (MENF). Vay MENF la thiét dién ciia mat phang
(P) véi hinh chép S.ABCD. O

BAI 3. Cho hinh chép S.ABC c6 day ABC la tam gidc déu canh 2, SA = 2a va SA vudng goc véi
day. Xéc dinh thiét dién ctia hinh chép khi cat bdi mat phang qua B va vuéng géc véi SC. Tinh
dién tich thiét dién do.
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Loi giai.

Goi I 1a trung diém AC, tac6 BI 1 AC.Ma BI 1. SAnén BI | (SAC),suyraBI L SC.

Goi H la hinh chiéu vudéng géc ctia I 1én SC. Lic d6 SC L (BIH). Do d6 tam giac BIH la thiét
dién can tim.

ViBI 1 (SAC) nén BI L IH, suy ra tam giac IBH vuong tai I.

. . IH CI _CISA a5
Ta co ACHI «~ ACAS neng = cg/suyra IH = cs — 5
Do d6 Sappr = %IH.IB -1 ;{)E. 0

® BAITAP TONG HOP

BAI 4. Cho hinh chép S.ABCD ¢6 SD L (ABCD), ddy ABCD la hinh thang vuéng tai A, D va
AD = AB = 4,BC = av/2. M 1a trung diém ctia BD. Tim thiét dién ctia S.ABCD cat b&i mat
phang (a) di qua M va vudng géc SB véi hinh chép S.ABCD.

Loi giai.

A B
AABD vuong can tai A nén BD = a+/2.
ABDC c6 BD = BC = av/2va BDN = 45° nén ABDC vudng can tai B.
¢ 2 A A . N BC
Goi N 1a trung diém ciua CD. Vi ABDC vudng can tai Bnén DN = BN = NC = — =a.

Do d6 ABND 1a hinh vuéng. Suy ra AN L BD.
Tac6 SD L (ABCD)va AN L BD nén AN L SB (dinh ly ba duong vuong goc).

>
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Trong mat phang (SBD), taha ME L SB tai E. Khi d6 mat phang (AEN) vuong géc véi SB chinh
la mat phang (a).

Ta c6 AN || BC (cung vuong géc DB) nén (AEN) || BC. Do d6 (AEN) cat (SBC) theo mot giao
tuyén song song voi BC.

Trong mat phang (SBC), ké duong thang qua E song song véi BC va cat SC tai F.

Thiét dién ctia hinh chép (S.ABCD) cat bdi mat phang (a) 1a hinh t gidc AEFN.

0J

BAI 5. Cho hinh lang tru ding ABC.A'B'C’' ¢6 AA’ = BC = a, AC = a+/3 va AABC vudng tai B.
; : 1 :
biém M nam trén canh AC sao cho AM = gAC . Ching minh rang B'M L A'C.

Loi giai.
A C’
B/
\),,
M NG
A \ /c
N
B
Goi N la trung diém AB.
AABC vuong tai Bnén AB = VAC2 — BC2 = \/3a2 — a2 = a/2.
4 /
Taco 2N _va_ 1 BB a1
BB a 2'AB  4/2 2

Ta lai c6 NBB' = BB/ A’ (cting la géc vudng) nén ANBB' ~ ABB'A’.

Suy ra BNB = A’BB’ = B'NB+ A’BB’ = A’BB’ + A’BB’ = 90°. Vivay B'N L A'B (1).
BB’ 1 B

Ta cs € LB (ABBAY) (2).
BC L AB

Tir (1), (2) theo dinh ly ba duong vudng goc ta cé B'N L A'C (3).

AC _av3 1 AN AB _av2 1

Ta co = = = —, = = = —.Suyra A AMN ~ AABC.

AB__3AB_ 3ay2 6 AC 2AC 243 Ve
Vivay AMN = ABC hay MN 1 AC.

Mat khac (ACC'A) L (ABC) nénsuyra MN L (ACC'A’) = MN L A'C (4).

Tir (3),(4) tasuyra A’C L (B'MN) = A'C L B'M. O

BAI 6. Cho hinh chép S.ABC ¢6 SB | (ABC). Trén mit phang (ABC), dung vé phia ngoai AABC
cac diém D, E sao cho AACD va AECB vuéng can tai C. Chirng minh rang SA | BD.

Loi giai.
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Xét phép quay Q2 bién D thanh A, bién B thanh E. Do d6 phép quay Q2 bién DB thanh AE va vi
vay ta c6 BD L AE.
Tac6 SB L (ABC) va BD L AE nén theo dinh ly ba duong vuong goc ta suy ra SA L BD. O

BAI 7. Cho hinh ling tru ABCD.A’B'C'D’ ¢6 déy 1a hinh thoi canh a, BAD = 60°. Hinh chiéu
vudng goc ctia B’ 1én mat ddy trung vdi giao diém cta hai dudng chéo ctia ABCD va BB’ = a.
Tinh gbc gitta canh bén va mat day.

Loi giai.

Goi O = ACNBD.Tacé B'O L (ABCD).Suy ra BO la hinh chiéu vuéng géc ctiia BB’ 1én (ABCD).

Do d6 (BB', (ABCD)) = (BB, BO) = B'BO.

Tac6 AB = AD = a va BAD = 60° nén tam giac ABD déu, suy ra BD = a va BO = g
—— B

Ma trong tam gidc B'BO, ta c6 cos B'BO = % = % nén (BB, (ABCD)) = 60°. u

BAI 8. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 day ABCD la hinh vuéng. Tim géc 16n nhat
gitta dudng thang BD' va mét phang (BDC').

Loi giai.
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Goi O = ACNBD, I la trung diém DD’ va H la hinh chiéu vudéng géc cta I 1én OC'. Ta c6
IH 1 OC' (1).

MaBD L ACvaBC L AA'nén BD L (ACC'A’),suyra BD L IH (2).

Tir (1) va (2), sy ra IH L (BDC') tai H nén BH la hinh chiéu vuéng géc ctia BI 1én (BDC'). Suy ra
(D'B,(BDC')) = (BI, BH) = IBH.

Norom

Dat AB=4a,AA’ =b.Tac6 BD' = VAB2+ AD? + DD’?2 = /242 4+ b2,suy ra IB = 5

OLCO ab B 1
C'O 222 +a2 2 1
25+

Ta c6 AOHI ~ AC'COnén HI = . Tir d6 suy ra

~
=
N
TS
N N
+
T
N N
~—
+
&
W] =

Déng thic xay ra khi a = b.

£ £ 1
Khi d6 goc 1on nhat can tim c6 s6 do la arcsin 3~ 19°28'. [

BAI 9. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng tdm O, canh a va SO L (ABCD).

2
Mat phang (P) qua A vudng géc véi SC cat hinh chép theo mot thiét dién c6 dién tich bang %.
Tinh goc gitra SC va (ABCD).

Loi giai.
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Goi ] 1a hinh chiéu vuéng géc cta A 1én SC (1), I 1a giao diém cta SO va A].
Qua I ké dudng thang song song BD cat SB, SD lan lugt tai H va K.
ViBD 1 (SAC) nén HK L (SAC), suy ra HK L SC (2).
Tix (1) va (2) suy ra SC L (AHJK) nén ti gidac AHJK 1a thiét dién ctia hinh chép khi cat bgi (P).
2
Vi HK L (SAC) nén HK L AI, do d6 Sapx = %A}.KH - %
Nhan thay rang OC 1a hinh chiéu vudng géc cta SC 1én (ABCD) nén (SC, (ABCD)) = SCO =
SAC =a.

Lucdo A] = ACsina = aﬁsina,SO = OC.tana = %Etana.

Ta c6 ASOC ~ ASJInén SI] = SCO = a, suy ra AIO = SIJ = a, tir d6 ta c6 OI = OA.cota =
av/2

—— cotua.

2
, HK SI 1 Ol

Trong tam giac SBD, ta c6 = 1—cot?a, suy ra KH = DB (1 —cot?a) =

BD SO SO
av/2 (1 - cot?a).
Vay
1 1+
SAHJK = Eaz = a’sinw (1 —cotzoc> & 4sina —sina —2 =0 = sina = +T33 =« ~ 57,5°.

O
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BAI4.  HAI MAT PHANG VUONG GOC

® TOMTAT Li THUYET

4) DINH NGHIA GOC GIFA HAI MAT PHANG

m n
Dinh nghia 1. Goc gitra hai mat phang 1a goc gitra
hai duong thang lan lugt vuong géc véi hai mat “
hang do.
phang Ja\ ‘

Hai mat phang song song hoac triing nhau thi géc
gitta chting bang 0°.

€) CACH XAC BINH GOC CUA HAI MAT PHANG CAT NHAU

(D Tim giao tuyén c ctia (a) va (B).

(2) Tim hai dudng thang a, b 1an lugt thudc hai mat phang va
cling vudng goc vdi ¢ tai mot diém. f
(3 Goc gitrta (a) va (B) la goc gitta a va b. /0<

€)  DIEN TICH HINH CHIEU CUA MOT DA GIAC

Dinh nghia 2. Cho da gidc /# nam trong mat phang (a) c¢6 dién tich 1a S va #” 1a hinh chiéu
vuong goéc ctia # trén mat phang (B). Khi d6 dién tich S’ ctia hinh J# dugc tinh theo cong thic
nhu sau:

S'=S-cos¢g

vai ¢ la goc gitta («) va (B).

€) HAIMAT PHANG VUONG GOC

Dinh nghia 3. Hai mat phang dugc goi la vudng géc v6i nhau néu goc gitrta hai mat phang doé la
goc vuong.

Dinh li 1. Diéu kién cin va dii dé hai mit phing vudng goc vdi
nhau la mat phang nay chita mot duong thang vudng goc vdi mat
phang kia. a

b
O B
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Hé& qua 1. Néu hai mat phang vuéng géc véi nhau thi bat cit duong thang nao nam trong mat
phang nay va vudng géc vdi giao tuyén thi vudng géc véi mat phang kia.

Hé qua 2. Cho hai mat phang () va (B) vuong goc véi nhau. Néu tir mot diém thudc mat phang
(«) ta dung mot duong thang vuong goéc voi mat phang (B) thi duong thang nay nam trong mat
phang («).

Dinh li 2. Néu hai mit phing ct nhau va cing vuéng goc véi mot mét phing thi giao tuyén ciia chiing
vudng goc voi mit phang do.

@ HINH LANG TRU DUNG, HINH HOP CHU' NHAT, HINH LAP PHUONG

Dinh nghia 4. Hinh lang tru ding la hinh lang tru c6 cac canh bén vuéng goc véi day. Do dai
canh bén dugc goi 1a chiéu cao ctia hinh lang tru ding.

Nhdn xét: Cac mat bén cta hinh lang tru dung la hinh cht nhat va vuong goc véi mat day.

Dinh nghia 5. Hinh lang tru déu la hinh lang tru ding c6 day 1a da gic déu.

Nhan xét: Cac mat bén ctia hinh ling tru déu 1a nhitng hinh ch nhat bang nhau va vudng géc
vOi mat day.

Dinh nghia 6. Hinh hdp ding la hinh lang tru ding c6 ddy la hinh binh hanh.

Nhdn xét: Trong hinh hop ding 4 mat bén déu 1a hinh chi nhat.
Dinh nghia 7. Hinh hop chit nhat la hinh hop dung c6 day la hinh chir nhat.

Nhdn xét: Tat cd 6 mat ctia hinh hop chit nhat déu la hinh chit nhat.
Dinh nghia 8. Hinh lap phuong 1a hinh hop chit nhat c6 tat ca cac canh bang nhau.

Nhdn xét: Tat cA 6 mat cta hinh 1ap phuong déu 1a hinh vuong.

€) HINH CHOP BEU VA HINH CHOP CUT DEU

Dinh nghia 9. Mot hinh chép dugc goi 1a hinh chép déu néu né c6 ddy la mot da gide déu co
chan duong cao trung véi tam cta da giac day.

Nhdn xét: Hinh chép déu co:

(1) Céc mat bén la nhiing tam giac can bmeg nhau. Cac mat bén tao vai mat day cac goc béng
nhau.

(2) Céc canh bén tao v4i mat ddy cac goc béng nhau.

Dinh nghia 10. Phan ctia hinh chép déu nam gitta ddy va mot thiét dién song song véi day cat
cac canh bén ctia hinh chép déu duoc goi 1a hinh chép cut déu.

Nhdn xét: Hinh chép cut déu cé:
(D Hai day la hai da gidc déu va dong dang véi nhau.
(2) Céc duong th:fmg chtira cac canh bén déng qui tai mot diém.

(3 Cac mit bén la cac hinh thang can bang nhau.
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(® CACDANG TOAN

[ DANG 4.1. Tim géc gitra hai mét phéng

Muén tim goc givta hai mit phang ta cd thé'tim gdc giita hai nita duong thing lan lugt nam trén hai
mat phang va vudng goc voi gzao tuyén cila chiing.
Mot so truong hop thuong gip:

TH1: AABC = ADBC. Goi I la chan dwong cao cua AABC.
Néi DI. Vi AABC = ADBC nén DI | BC.

= ((ABC), (DBC)) = AID.

TH2: Xét goc giita hai mit phaing (MAB) va (NAB) véi AMAB va
ANAB cin co canh dday AB.
Goi I la trung diém AB. Khidé NI 1. ABwva MI 1 AB.

= ((MAB),(NAB)) = MIN.

TH3: Hai mdt phing cit nhau (x) N (B) = A.

Tim giao tuyén A ctia hai mit phing.

Dung AB c6 hai ddu miit nam 6 trén hai mét phang va vuéng goc véi mot mit.
(gid sur la (B)).

Chiéu eu vuong g0c ctia A hogc B Ién A la diém 1.

= AIBla g0c giita hai mit phing.

TH4: Néua | (a);b L (B) thi ((«),(B)) = (a,b).

TH5: Truong hop khd vé duroc goc giita hai mit phing thi cé thé ding cong thitc phép chiéu dién tich
da gidc.

VI DU 1. Cho tit dién S.ABC c6 day ABC la tam giac déu canha, SA | (ABC)vaSA = %a.

Tinh géc gitra hai mat phang (SBC) va (ABC).

@ Loi gidi

Goi goc gitta hai mat phang (SBC) va (ABC) la «.

Goi M 1a trung diém ctia BC. Do AABC déunén AM | BC. (1)
Theo gia thiét SA | (ABC), suy ra theo (1) ta c6 SM L BC. (2)
Lai ¢6 (SBC) N (ABC) = BC. 3)
Tir (1), (2) va (3) ta c6 a« = SMA.

Tacé6 AM = VAC? — CM? = #. Xét tam giac SAM vudng tai A, ta co:
tana = j—A = % = /3, suy raa = 60°.
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VI DU 2. Cho hinh vuéng ABCD canh a,SA | (ABCD) va SA = a+/3. Tinh s6 do ctia goc
gifta cac mat phang sau:

a. ((SBC), (ABC)) =?
b. ((SBD), (ABD)) =?
c. ((SAB),(SCD)) =2

(¢ Loi gidi
Goia = (S,BC, A). Khi dé ta c6 BCJ_AB:>BCLSB
a. Goia = (5,BC, A). Khidétac ¢ oo o, .
Suyraa:S/B?l.
TrongASABcétantx:%:M:\@:Nx:wo.
AB a
b. Goi B = (5BD,A) va ACNBD = O, ta ¢6
AO 1 BD —
= p = SOA.
{SO 1 BD( Do BD 1L (SAC)) p
2
MéAOz#,suyratan‘B:i—gz ;\/\/;=\/€=>,B=
arctan(v/6).
c. Goiy = ((SAB),(SCD)).
— AD a 1
Khidotacoy =ASDvatany = — = —= = —
Y T=32a 3 V3
= v = 30°.
O
BAI TAP TU LUYEN

BAI 1. Cho tit dién S.ABC ¢6 ABC = 90°, AB = 2a; BC = av/3,SA L (ABC); SA = 2a. Goi M 1a
trung diém AB. Hay tinh:

a. ((SBC),(ABC)). . ¢= ((SMC),(ABC)).

b. Puong cao AH cuia AAMC.

Loi giai.
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a. Goix = ((SBC),(ABC))

Trong tam giac ABC taco AB 1. BCva SB 1L BC,suyran =

SBA.
Taco AB = SA = 2anénsuy raa = 45°.

b. Puong cao AH cua AAMC.
Tac6 CM = vV MB? + BC? = 2a va

1 1 2/3
Savc = LaB-BC— Lmp.Bc= T3,
2 2 2
) a%\/3
Do d6 AH — 22AMC _ 2 _ V3

MC 2a 2

c. Goi g = ((SMC), (ABC))?

AH 1 CM ——
D = SHA.
° {SH tem T ¥=0
SA 4a 43

A o = = = =
Trong ASHA c6 tan g AH /3 3 = @

(4\/5)
arctan = |

O

BAI 2. Trong mit phang (P) cho mét AABC vuéng can, canh huyén BC = a. Trén nita dudng
thang vudng géc vai (P) tai A lay diém S.

a. Tinh goc gitta hai mat phing ((SAB), (CAB)) va ((SAC), (BAC)) va ((CSA), (BSA)).

b. Tinh SA dé géc gitra hai mat phang ((SBC), (ABC)) c6 sd do 30°.

Loi giai.

a. Dé thdy (SAB) L (ABC),(SAB) L (SAC),(ABC) L
(SAC), do d6 cac goc giita cac mat phang ((SAB), (CAB)) va
((SAC), (BAC)) va ((CSA), (BSA)) déu bang 90°.

b. Goi a la géc gitra hai mat phang ((SBC), (ABC)).
Goi M la trung diém canh BC, khi d6 ta c6

AM 1 BC _ . — SMA

sM L Bc 4T oM
. a A s o SA
Taco AM = 5 theo deé thi tan 30° = AM

— SA =AM -tan30° = SA = %.

BAI 3. Cho hinh chép S.ABCD c6 day ABCD Ila hinh chit nhdt, AB = a, AD = av/3, SA L
(ABCD).

a) Tinh géc gitta hai mat phang (SCD) va (ABCD) v6i SA = a.

b) Tim x = SA dé géc gitta hai mat phang (SCD) va (ABCD) bang 60°.
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Loi giai.

a) ViSA L (ABCD) = CD L SA, theo gia thiét CD L AD va
(SCD) N (ABCD) = CD, suyra = a = ((SCD),(ABCD)) =

SDA.
Xét tam giac SAD vuong tai A ta co:
SA a 1

tang = — = —— = — = a = 30°.
AD  4y3 /3

. X

b) Theo ket qua cau a ta co: tan60° = ——

) q 3

& x = av/3tan60° = 3a.

739

BAI 4. Cho tam giac vuéng ABC c6 canh huyén BC nam trén mat phang (P). Goi «, B 1an lugt 1a
g6c hop bédi hai duong thang AB, AC va mat phang (P). Goi ¢ 1a hgp béi (ABC) va (P). Ching

minh rang sin® ¢ = sin® a + sin’ B.
Loi giai.

Goi A’ 1a hinh chiéu vuéng géc ctia A lén mat phang (P), AH la
duong cao cua tam giac ABC.
Suy ra A’B va A’C lan luot 1a hinh chiéu cia AB va AC 1én mat

phang (P). Do dé & = ABA' va B= ACA'.

BC 1L AH
Laic6 ¢ BC L HA' = ¢ = AHA'.
(ABC)N (P) = BC
1 1 1
Xét tam giac ABC vudng tai A, ta co: 1L = AR + e

AA/Z AA/Z AA/Z
S AR T AR T A

& sin? ¢ = sin® « + sin? B.

A\

BAI 5. Cho tit dién OABC c6 OA, OB, OC déi mot vudng goc véi nhau. Goi a, B, ¢ 1an luot la goc
hop béi cac mat phang (OBC), (OCA), (OAB) véi mat phang (ABC). Chitng minh rang cos? a +

cos? B+ cos? ¢ = 1.

Loi giai.



740 CHUONG 3. QUAN HE VUONG GOC

Goi OH, OK, OI lan lugt 1a cadc dudng cao clia cac tam gidc Aj
OBC,0AB,OAC.
(AH 1 BC
Tacd { OH L BC =« = AHO.
| (OBC) N (ABC) = BC
(CK L AB
Taco { OK L AB = ¢ = CKO.
| (OAB) N (ABC) = AC
(BI L AC
Tacé { OI L AC = B = AHO.
| (OAC) N (ABC) = AC
cos i — Sosc . _ Soac, _ 5048
Sasc’ Sasc’ Sasc
Do do:
2 2 2 Sosc )’ Soac\’ Soas\’
cos” a + cos” B + cos q):( ) +< > +( )
SaBc SaBc SABC

B (OB.OC>2Jr (OI-AC)2+ <OA-OB)2

25 ABC 25 ABC 25ABC
B OBZ(OA2 + OCZ) +OI?- AC? - OB?- AC2+ OI?- AC?
B 45 ABc - 4S ABc
_ AC?*(OB*+4+0OI*) AC?>-BI* 4Sapc
- 4S ABc ~ 4Sapc 4Sapc

1.

Suy ra diéu phai ching minh.

(3 DANG 4.2. Tinh dién tich hinh chiéu cla da gidc

Goi S la dién tich ciia da gidc H trong (P),S' la dién tich ciia hinh chiéu H' ciia H trén (Q), va
Q= ((P), (Q)) Khi do: S" = S. cos ¢.

Vi DU 1. Cho AABC can tai A, duong cao AH = av/3, BC = 3a c6 BC ndm trong (P). Goi
A’1a hinh chiéu ctia A 1én (P). Khi AA’BC vuéng tai A’, tinh ((P); (ABC)) :

@ Loi gidi
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Goi M la trung diém ctia canh BC. Do AABC can tai Anén AM L
BC.
Mat khac AA" 1 (P) = A’H 1 BC.

Dodéa = ((P); (ABC)) = ((ABC), (A'BC)) = AHA'.

X 1 3a2v/3
Theo dé ta c6: Sapc = 5 - AH - BC = ”2\/_.
1 3a 1 3a 9a?
1 . ! — — . —_— / — — e — . [
Lz.alcoAH—2 BC 2.SuyraSABc ) 3a 1 B
Khi do ta co: ) 2 /3 V3
9 3 3
SA/BC:SABC-cosa@)%:az ~cos¢x<:>cosoc:7.
Suy ra a = 30°.
OJ
BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABC c6 day la tam giac déu canh a,SA = ; va SA L (ABC). Tinh dién
tich tam giac SBC.

Loi giai.

Goi M la trung diém canh BC. D& dang chiing minh dugc SMA =
a 1a goc gitra hai mat phang (ABC) va (SBC).

Mat khac SA | (ABC), suy ra AABC 1a hinh chiéu ciia ASBC 1én
mat phang (ABC).

S
Do d6 Sapc = Sspc - cosa = Sgpc = CIOL‘SBE (1)
3 2\/3
Lai c6 AM — %va Sapc = 2 ;f.
Xét tam giac SAM vuodng tai A, ta co
tanoc—SA— 20 _ 1 = a = 30°
AM 2a\/§ \/5 '
a%\/3
. 4 a
Th 1 = -
ay vao (1) ta dugc Sspe o5 30° >

BAI 2. Cho hinh thoi ABCD cé dinh A nam trong (P) cac dinh con lai khong nam trong (P), BD =
a, AC = a+/2. Chiéu vuong géc hinh thoi ABCD 1én (P), ta dugc hinh vuéng AB'C'D’.

a. Tinh Spcp va Sapcpr tw dé suy ra ¢ = ((P); (Q)).
b. Goi E, F 1an luot 1a giao diém ctia CB va CD vé6i (P). Tinh Sgrpg; Serprp:-

Loi giai.
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1 22
TacéSABCD = §~AC-BD = 4 2\/_
Do AB'C'D’ 1a hinh chiéu ctia ABCD lén (P) va
BD || B'D' nén BD = B'D' = a. Ma AB'C'D’ la
2
hinh vuéng nén suy ra AB’ = %.
2
2 2
Do d6 Sapcp = AB'- AD' = (%) - %

Mét khac SAB’C’D’ = SABCD - COs @

202 V2
2a2+/2 2

= Ccos ¢ = = ¢ = 45°.

b. Trong mat phang (CC’'D’'D) goi F 1a giao diém ctia CD va C'D’, trong mat phang (BB'C'C) goi
E 1a giao diém cta BC va B'C'.
BD || B'D’
Dé thay ¢ BD C (ABCD); B'D’ c (P) = FE || BD || B'D’, suy ra BDFE va B'D’FE la cac hinh
(P) N (ABCD) = FE
thang can.
Lai c6 AD || BE = ADBE la hinh binh hanh, tuong tu cing c6 ABDF cting la hinh hinh hanh.
1 AC'  3a?
Suy ra EF = 2B'D' = 20. Do d6 Sprpry = 5(B'D' + EF) - —— = %.
SEFD’B’ B 302 . 3ﬂ2\/§
cosp  4cosd5° 4

Ma Sgpp/pr = SEFDB - €OS ¢ = SErpB =

[ DANG 4.3. Chirng minh hai mét phéng vudng géc

Cdch 1: Chitng minh mdt phing nay chita mot duong thing vudéng géc vdi mdt phing kia. Cdch 2:
Chitng minh goc giita hai mdt phing bang 90°.

Vi DU 1. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuéng, SA 1 (ABCD). Chung
minh rfmg:

@ (SAC) L (SBD).
@ (SAB) L (SBC).

@ Loigidi

@) Tacé AC L BD, AC L SA(viSA L (ABCD)).
Do d6 AC L (SBD). Vi vay (SAC) L (SBD).

@) Tac6BC L AB,BC L SA (viSA L (ABCD)).
Do d6 BC L (SBD). Vi vay (SBC) L (SAB).
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VI DU 2. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng, SA | (ABCD). Goi M va
N 1an lugt 1a hinh chiéu ctia A 1én SB va SD. Ching minh rang (SAC) L (AMN).

@ Loi gidi

Tac6 BD L AC, BD L SA (vi SA L (ABCD)).

Do d6 BD L (SAC).
Ma MN || BD (do 55—]]\; _ g—g) nén MN 1 (SAC).
Vivay (SAC) L (AMN).

VI DU 3. Cho hinh chép S.ABC c6 tam gidc ABC vuodng tai A, SA L (ABC). Goi H va K
1an luot 12 hinh chiéu cta B trén cac duong thang SA va SC. Chiing minh rang:

@ (SAC) L (SAB).
@ (SAC) L (BHK).

@ Loi gidi

@) Tacd AC L AB, AC L SA (viSA L (ABC)). X
Do d6 AC L (SAB). Vivay (SAC) L (SAB).

(2 Tac6 SC L BK. , 0 .
Mat khac BH 1L SAva BH L AC (vi AC L (SAB)). ‘
Do d6 BH | (SAC), suy ra SC | BH. N
Tir d6 SC L (BHK). Vivay (SAC) L (BHK). A

Vi DU 4. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thoi tam O v6i AB = a, AC =

2a3\/6’ SO L (ABCD), SB = a. Chtiing minh rang (SAB) L (SAD).

@ Loi gidi
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Goi M 1a hinh chiéu ctia O 1én SA.
Khi d6 SA 1 (MBD). Do dé goc giita hai mat phang
(SAB) va (SAD) chinh la géc gitta hai duong thang MB

va MD.

TacéBDzz—a,SO:@.
V3 . 3
a

SuyraOM = — = =BD.

Vi thé tam giac MBD vudng can tai M,
ttr d6 BMD = 90° hay (SAB) L (SAD).

BAI TAP TU LUYEN

BAI 1.

Cho hinh chop S.ABCD c¢6 day ABCD la hinh thoiva SA = SB =
SC. Ching minh rang (SBD) L (ABCD).

Loi giai.

Tacé AC L BD.

Goi O la tam hinh thoi ABCD.

ViSA = SCnén AC L SO.

Do dé AC L (SBD). Vivay (ABCD) L (SBD). O

BAI 2.

Cho hinh chép S.ABC ¢6 day ABC la tam giac déu canh 4, SA = 24, SA L 3
(ABC). Goi I 1a trung diém ctia BC. Chiing minh rang (SAI) L (SBC).

Loi giai.

Tac6 SA L (ABC) nén BC L SA.

Vi AB = AC nén BC L AL P .
Do d6 BC L (SAI). Vivay (SBC) L (SAI). O .

BAI 3. Trong mit phang (P) cho hinh vuéng ABCD. Goi S 1a mot diém khong thudc (P) sao cho
SAB la tam giac déu va (SAB) L (ABCD). Chiing minh rang (SAD) 1 (SAB).

Loi giai.

Goi H la trung diém AB.

Ta c6 SAB la tam giac déunén SH | AB.
Ma (SAB) L (ABCD)nén SH L (ABCD),
suyra AD 1 SH.

Mit khac AD L AB.Dodé AD L (SAB).
Tir d6 (SAD) L (SAB).

BAI 4. Cho hinh lang tru ding ABC.A’B'C' ¢6 AB = AC = a, AC = a+/2. Goi M la trung diém
ctia AC. Ching minh rang (BC'M) L (ACC'A").
Loi giai.
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Vi AB = ACnén BM L AC. A’ B’
ABC.A’B'C' lalang tru ding nén BM | AA’.
Do d6 BM L (ACC'AY). ,
Vi vay (BC'M) L (ACC'A"). ¢
A - 7k777:::: B
S
C

BAI 5. Cho hinh chép S.ABC c6 SA L (ABC). Goi H va K lan luot la truc tim cac tam giac ABC
va SBC. Chiing minh rang (SBC) 1 (CHK).

Loi giai.

Goi I = AH N BC. Khi d6 BC L (SAI),

suy ra BC L SI.Dod6 S, K, I thang hang.

Ta co SB L CK.

Mat khacCH L AB,CH L SAsuyraCS L (SAB).
Turdoé SB L SH.

Do d6 SB L (CHK). Vivay (SBC) L (CHK).

BAI 6. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat v6i AB = a4, AD = av2 va

SA 1 (ABCD). Goi M la trung diém AD. Chiing minh rang (SAC) L (SMB).

Loi giai.

Goil = ACNBM.

ViSA 1 (ABCD)nén BM L SA.

Theo gia thiét ta suy ra AC? = 3a2, AI?> = %.
2

MI2 = %MBZ — = Dodo A2+ MI? = MA.

T d6 BM L AC.

Suy ra BM L (SAC). Vivay (SBM) L (SAC).

2

BAI 7. Cho hinh vuéng ABCD va tam gidc déu SAB canh a ndm trong hai méat phang vuong goc
nhau. Goi I va F 1an lugt 1a trung diém AB va AD. Chiing minh rang (SID) L (SFC).

Loi giai.

Goi K = CFNID.

Tam gidc SAB déunén SI 1 AB.

Ma (SAB) L (ABCD)nén SI L (ABCD),
suy ra CF 1 SI.

Mit khac KFD + KDE = KFD + KCD = 90°.
Suyra CF L ID.Do dé CF L (SID).

Vivay (SFC) L (SID).
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[ DANG 4.4. Thiét dién chira mét dudng théng va vudng géc véi mét mat phéng

Xdc dinh mit phing (B) chita duong thing d va vuéng goc vdi mit phang (a) cho trudc bing cdch:

(D Tir diém A bit ki thuéc duong thing d dung AH 1 (). Mat phing (AH,d) la mdt phang
(B).

(2) Tim giao diém ciia mét phing (B) va cdc canh ciia hinh chdp, hinh ling try ... Tit 6 suy ra
thiét dién.

VI DU 1. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng va SA vuong goc véi mat
day. Goi (P) 1a mat phang chira AD va vudng géc véi mét phang (SBC). Xac dinh thiét dién
do mat phang (P) cat hinh chép.

@ Loi gidi

Ké AH L SB (H € SB).
) {AD 1 SA(SA L (ABCD))
Ta co

AD 1 AB
= AD 1 (SAB) = AD L SB.
Taco AD L SBva AH L SBnén SB 1 (ADH), suy ra
(SBC) L (ADH).
Do d6, mat phang (P) chita AD va vuéng goc v6i mat
phang (SBC) la (ADH).
Trong mét phang (SBC) dung HK || BC(K € BC), suy ra
HK || AD (do cuing song song vdi AD).
Vay thiét dién 1a hinh thang ADKH c6 hai day 1a AD va HK.

]

VI DU 2. Cho ti dién OABC ¢6 cac canh OA, OB, OC d6i mot vuong goc nhau va OA =
OB = OC = a. Goi M la diém trén canh AC sao cho AC = 3MC. Goi H 1a hinh chiéu ctia O
lén mat phang (ABC). Goi («) la mat phang chita OM va vudng géc v6i mat phang (ABC).
Xéc dinh va tinh dién tich thiét dién do mat phang («) cat t dién.

@ Loi gidi

Tac6 OA L OBvaOA L OCnén OA L (OBC).

Vi OH L BC (do OH L (ABC))va OA L BC (do OH L (ABC)) nén
BC L (OAH),suyra BC L AH(1).

Tuong tu ta c6 AC L BH(2).

Tir (1) va (2) suy ra H 1a tryc tam cua AABC.

Ta c6 OH L (ABC) nén mat phang (&) chita OM va vuéng goc véi
mét phang (ABC) 1a (OHM).

Trong mét phang (ABC) goi N 1a giao diém ctia HM va AB, suy ra
thiét dién ctia mat phang (OHM) va ti dién la AOMN.

Do OA = OB = OC = a va OA,OB,OC doéi mét vuong goc nhau
nén AB = AC = BC = av/2, suy ra AABC deu.
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Ma H la tryuc tam ctia AABC nén AH cat BC tai trung diém ctia doan BC.
Goi E la trung diém BC.

2 2av/3
Ta ¢6 H 1a trong tam AABC nén 3HE = AE. Do d6, MN || BC, suy ra MN = §BC = a3\/_.
. . . 1 1 3 B av/'3
Vi AAOE vuéng tai A nén O 2— OA2 + OF2 — 12/ Suwyra AH = 5
1 2a°1/6
Vay Spomy = 5 - MN -OH = “9f.
BAI TAP TU LUYEN

BAI 1. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuédng c6 tam O, canh a, SA vudng goc v6i
mat ddy va SA = 2a. Goi I 1a trung diém ctia SB, (#) 1a mat phang chita OI va vuéng géc véi mat
phang (ABCD). Xac dinh va tinh dién tich thiét dién do mat phang (a) cat hinh chép.

Loi giai.

Trong (SAC) ké OJ || SA(J € SC) = ] la trung diém SC.

Tac6 O] L (ABCD).Mp (a) la (OI]).

Goi K 1a trung diém AB. Trong (ABCD) goi M la giao diém
ctaa OK va CD.

Thiét dién 1a hinh thang IJMK vuodng tai I va K.

IK=a,lI] = gKM —a

342
SimMk = o

R e X V)

BAI 2. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuong tai A va B, AD = 2a, AB =
BC = a, SA vudng gbc véi ddy, SA = a+/2. Goi E la trung diém BC. Xac dinh va tinh dién tich
thiét dién ctia mit phang chia SE va vudng géc voi mit phang (SAC) véi hinh chép.

Loi giai.

Goi I 1a trung diém cta AD = ABCI la S
hinh vuéng = AC L BI(1). Ta ¢6 BCDI la ‘
hinh binh hanh = BI || CD(2). Tix (1) va (2)
suyra AC L CD.Tac6CD L (SAC).

Ké EF || CD(F € AD). Suy ra

EF 1 (SAC) = (SEF) L (SAC). B E C

Mp chia SE va vuéng goc (SAC) la mat

phang (SEF).

Thiét dién cta mp(SEF) véi hinh chép la

tam giac SEF. A I F D

Goi H = ACNEF.

Taco EF 1 SH.
Ta c6 EFDC 1a hinh binh hanh = EF = CD = av/2.

2 1 2
AH = AF - cos45° = 5[". Vay Saser = 5SH - EF = 5%.
BAI 3. Cho hinh chép S.ABC c6 day 1a tam giac vuong can tai C, SA L (ABC), SA = AC = a.
Goi I lan luot 1a trung diém ctia SB. Lay diém M trén canh AC sao cho 3AM = AC. Goi («) la
mét phang chita IM va vudng géc véi mat phang (SAC). Xac dinh va tinh dién tich thiét dién ctia
mét phang («) va hinh chép.
Loi giai.

O
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Trong mét phang (ABC), ké MN || BC (N € AB). Ta c¢6 BC L (SAC). Ma MN | BC nén
MN 1 (SAC).Suyra (IMN) L (SAC).

Mait phang chia IM va vudng goc véi mit phang (SAC) 1a mat
phang (IMN).

Goi ] 1a trung diém SC. Ta c6 I] || MN. Suy ra thiét dién cat bsi
(IMN) va hinh chép la hinh thang IJMN vuong tai M va J.

, 1 _a _BC a
TacoMN—gBC—3,I]_ Y
OM? = \/JC2 + MC2 — 2JC - MC - cos JCM

2

36 6 3 [
. 1 ~1lysa a\ avd 5vba
VaySMNH—E(MNJrI])M]—Z<3+2> =

OJ

BAI 4. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudng tai A va D, AB = 2a, AD =
CD = SA = a, SA vudng goc voi day. Goi I, M lan lugt 1a trung diém SB, AD. Goi (P) 1a mat
phang chita IM va vuéng goc (SAD. Tinh dién tich thiét dién do (P) cat hinh chép.

Loi giai.

Goi N la trung diém BC. Ta c6 MN || AB || CD va MN L AD. S

Ta 6 MN L (SAD) = (IMN) L (SAD).

Mat phang (P) 1a (IMN).

Ké IK || AB(K € SA). Thiét dién 1a hinh thang IKMN vuéng tai K K

va M. )
2 2
MN:%,IK:a,KM:Msuyra SIKMN = 5v2a® A
2 2 8
BAI TAP TONG HOP

BAI 5. Cho hinh chép S.ABCD c6 dady ABCD la hinh thang vuéng tai A va B, AB = BC = a,
AD =2a,SA 1 (ABCD). Chiing minh rang (SAC) L (SCD).

Loi giai.

ViSA L (ABCD)nén CD L SA. 3

Goi I 1a trung diém AD.

Khi d6 ABCI la hinh vudng va tam giac ICD vuong can tai I.

Tir d6 ACD = 90° hay CD L AC.

Do d6 CD L (SAC). Vivay (SCD) L (SAC).

D
B C
U
BAI 6. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 day 1a hinh vuéng ABCD canh a, AA’ = b.
Goi M la trung diém ctia CC’. Xac dinh ti s6 % dé hai mat phang (A’BD) va (MBD) vuéng géc

vdi nhau.
Loi giai.
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Goi O la tam ABCD. Alr- D’
Vi A'B = A'Dnén A'O L BD. RS

Vi MB = MD nén MO L BD. !
Suy ra goc gitta (A’BD) va (MBD) la goc gitta A’O va ‘
MO. :
Do d6 (A’BD) L (MBD) khi /
A'OM = 90° & A'O? + OM? = A'M2, ,

’ a 7
Ta c6: A’02:b2+3, P <l
/e -7 O\\

Vi viy d€ (A’BD) L (MBD) thi
%+a2:2a2+b—2©b:a.

4 4

Véyg _ 1thi (A'BD) L (MBD).
U
BAI 7. Cho hinh lang tru ding ABC.A’B'C’ ¢6 day la tam gidc vuong can tai B va BB = av/2.
Goi M, N lan lugt la trung diém AC, AA’. Goi I, ] 1an luot 1a trung diém AB, CM.

(D Chung minh (AC'B) L (BMN).
(2) Xac dinh thiét dién do mét phang (P) chira I] va vudng géc (BMN) véi hinh lang tru.

Loi giai.
B/
@D Ta c6 AC = av2va AA’ = av/2, Suy ra AA'C'C 1a i
hinh vuong. Do d6 AC" L A’C. Ma MN | A'C nén A pE C
MN 1 AC’ (1) N
Ta c6 BM L AC (do AABC vuodng can tai Bva M la D
trung diém AC) va BM L AA’ (do AA’ L (ABC)). |/ /! N
Suy ra BM L (AA'C’'C). Do dé BM L AC' (2) S
Tr (1) va (2) suy ra AC’ L (BMN). Vay 5 SN NS
(AC'B') L (BMN). A TN N

@ Ké JK || AC'(K € CC'). Tacé JK L (BMN). Suy ra
(IJK) L (BMN). Mp (a) la (IJK).
Trong (ABC) goi D = 1] N BC, trong (BB'C'C) goi
E = DK N BB’ Thiét dién 1a tu giac IJKE.
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BAL§.  KHOANG CACH
@ TOM TAT LY THUYET

€) KHOANG CACH T MOT BIEM DEN MOT DUONG THANG

Cho diém O va mot duong thang a. Trong (O, a) goi H
12 hinh chiéu vudng géc cta O trén a. Khi d6 khoang

cach OH duoc goi la khoang cach tir diém O dén a, ki (@) p
hiéud (O,a) = OH. M

€) KHOANG CACH Tl MOT BIEM TSI MOT MAT PHANG

Cho mat phang («) va mot diém O, goi H la hinh chiéu O
vuong goc ctia diém O trén mat phang (). Khi d6 khoang
cach OH dugce goi 1a khodng cach tir diém O dén mat phang
(a),kihiéud (O, (x)) = OH

/N OH < MO,YM € ()

€) KHOANG CACH Tl MOT BUGNG THANG TSI MOT MAT PHANG SONG SONG

Cho duong thang a song song v6i mat phang («). Khoang cach gitta A a B
duong thang a va mat phang («) la khodng cach tir mot diém bat ki
ctia a dén mat phang («), ki hiéu d(a, («)).

/N d(a,(v) =d (A (x),VA € a.

€Y KHOANG CACH GIA HAI MAT PHANG SONG SONG



5. KHOANG CACH 751

Cho hai mat phéng («) va (B) song song v6i nhau, khoang / y

cach tir mot diém bat ki trén mat phang nay dén mat phang
kia dugc goi la khodng cach gitta hai mat phang (a) va (B).

d((a),(B)) =d (M, (B)) =d(N,(a)),Me («),N e ()

T

€© DUONGTHANG VUONG GOC CHUNG VA KHOANG CACH GIA HAI DUONG THANG
CHEO NHAU

Dinh nghia 1.
a Duong thang A cat hai duong thang chéo nhau a, b va cling vuong
gbc voi mbi duong thang ay duoc goi la dudng vuong goc chung ctia
avab.

AN

b Néu duong thang vuong goéc chung A cat hai duong chéo nhau a, b
lan luot tai M, N thi d6 dai doan MN goi la khoang cach gitra hai
duong thang chéo nhau a va b. N

(® CACDANG TOAN

[ DANG 5.1. Khodng céch tir mét diém t6i mét dudng théng

Dé tinh khodng cdch tir diém O tdi duong thang
(d), ta thuc hién cic budc sau:

— Trong mit phang (O;d), ha OH L (d) tai @)
H.

— Tinh do dai OH dua trén cdc cong thiic vé hé
thite lwong trong tam gidc, tir gidc va duong
tron.

I 4

VI DU 1. Cho hinh lap phuwong ABCD.A'B'C'D’ ¢6 canh bang a. Chiing minh rang khoang
cach tir diém B,C,D, A, B', D’ &én duong chéo AC’ déu bE"mg nhau. Tinh khoang cach do.

@ Loi gidi

Ta ¢6 ABAC' = ACA’A = ADAC' = ANA'AC = AB'C’A = AD'C'A chung ddy AC' nén
khoang cach tir B,C, D, A’, B/, D’ dén duodng chéo AC’ déu bang nhau.
1 1 f

Ha CH L AC/, ta dugc L + = CH =

0
CH? AC? C’C2 3
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VI DU 2. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuong canh a, tdim O, SA = a va
vuong goc voi mat phang (ABCD). Goi I, M theo thit tu 1a trung diém ctia SC, AB.

(1 Chung minh OI 1 (ABCD).
(2) Tinh khoang cach tir I dén CM, tir d6 suy ra khodng cach tur S t6i CM.

@ Loi gidi

@ Trong ASAC, OI la duong trung binh nén OI ||
SA = OI L (ABCD).

(2 HalH L CMtaiH.Tac6CM L (IOH)suyraCM L
OH. Ac
Goi K la trong tam tam gidc ABC, ta c6 OB = - =
V2 o 08 _aV2

2 3 6

1 1 1 a
Trong AOCK : O = OK2 + 0c2 = OH = —.

5

a

12

Trong AOIH : [H> = OI> + OH? = [H = 10
d(s,cCM) sC

Ta c6 SI = ) T =
aco SINCM = Csuy ra a(1,CM) c

N

d(s,CM) =

a+/30
5

(O DANG 5.2. Khodng céch tir mét diém dén mét mat phdng

Phirong phdp
Cho mit phiang («) va mot diém O, goi H la hinh chiéu vudéng goc ciia @)
diém O trén mdt phing (). Khi d6 khodng cich OH duoc goi la khodng
cdch tir diém O dén mit phing («), ki hiéu d (O, (x)) = OH / —
M o H

Tinh chét 1. Néu duong thang d song song v6i mat phang (P) thi khoang cach tir moi diém
trén duong thang d dén mat phang (P) la nhu nhau.

Tinh chét 2. Néu AM = kBM thi d(A, (P)) = |k|d(B, (P)), trong d6 (P) 1a mat phing di
qua M.

VI DU 1. Cho hinh chép S.ABC ¢6 SA = av/3,SA L (ABC), tam giac ABC vuéng tai B va
AB = a. Tinh khoang cach tir diém A dén mat phang (SBC).

@ Loi gidi
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Do SA L (ABC)vaSA C (SAB) nén (SAB) L (ABC).

Ma (SAB) N (ABC) = ABva AB L BC

nén BC L (SAB).Do BC C (SBC)

nén (SBC) L (SAB).

Ké AH 1 SBvéi H € SB.

Do (SAB) N (SBC) = SBnén AH L (SBC) = d (A, (SBC)) = AH.
Do SA L (ABC)nénSA L AB

nén
IS SR TS NS
AH? ~ SA?  AB* 3a®> a2  3a%
Vay d (A, (SBC)) = @.
2
O
VI DU 2. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh chit nhat c6 AB = ay/2. Canh bén
SA = 2a va vudng goc v6i mat day (ABCD). Tinh khoang cach tir D dén mét phang (SBC).
(¢ Loi gidi
Do AD || BCnénd (D, (SBC)) =d (A, (SBC)). S
Goi K 1a hinh chiéu ctia A trén SB, suy ra AK L SB. :
Khid[4, (SBC)| — AK — _ SA-AB _ 20V3 :
VSA? + AB? 3 :
e D
B C
O

VI DU 3. Cho hinh chép S.ABCD c6 tam gidc SAB déu va nam trong mat phang vudéng goc
vdi (ABCD), tt gidc ABCD 1a hinh vudng canh 4. Goi H 1a trung diém ctia AB. Tinh khoang
céch tir diém H dén mat phang (SCD).

@ Loi gidi

Do tam gidc SAB déu va H la trung diém ctia ABnén SH L AB.
Ma (SAB) L (ABCD).

Nén SH 1 (ABCD)=-SH 1 CD.

Do ABCD la hinh vuéng nén goi E la trung diém ctia CD nén
HE 1 CD.

Vay CD L (SHE).

Ma CD C (SCD) nén (SCD) L (SHE).

Tac6 (SCD)N (SHE) = SE.

Ké HK L SEv6i K € SEnén HK L (SCD).

Khi d6 d (H, (SCD)) = HK. Vi AB = anén SH = vaa

2
Do ABCD 1a hinh vuéng nén HE = a.
ViSH 1 (ABCD)nén SH | HE.
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... 1 7 ~V2la \/_a
Khi do K2 — SIP tom = 37.Nen HK = : .Vay d (H, (SCD)) =

VI DU 4. Cho hinh chop S.ABC c¢6 day ABC la tam gidc vuong tai A, AB = 1, AC = /3.
Tam gidc SBC déu va nam trong mit phang vuong vé6i dy. Tinh khoang cach tir B dén mat
phang (SAC).

@ Loi gidi

Goi H la trung diém cua BC,

suyraSH | BC = SH L (ABC).

Goi K la trung diém AC, suy ra HK | AC.
Ké HE 1 SK(E € SK).

Khidoé d (B, (SAC)) =2d (H, (SAC))
SHHK 239

— 2HE = 2. — ]
vV SH? 4+ HK? 13

O]

VI DU 5. Cho hinh chép tit gidc déu S.ABCD c6 canh bén 1a 2a va dién tich day 1a 4a%. Tinh
khoang cach tir A dén mat phang (SBC).

@ Loi gidi

Goi O = ACNBD = SO L (ABCD).
Tacéd (A, (SBC)) =240, (SBC)].
Ké OE L BC,OF L SEtacé
BC L OE BC L (SOE).= BC L OF ma OF L
BC1SO '
SE = OF L (SBC).
Ta c6 Sppcp = AB? = 40> = AB =22 = OE =a.
Ta 6 AC = 202 = OA = a2 = SO =
VSAZ — 0A2 = av/2.

1 1 1 3 a\/E
Tacosm=oztor 22 79T =3
a\/g Za\/—

= d(0,(SBC)) = 737 = d (4, (SBC)) =

Vi DU 6. Cho hinh chép S.ABC c6 canh SA = SB = SC = ava SA,SB, SC doi mét vuong
gbc v6i nhau. Tinh theo a khodng cach h tir diém S dén mat phang (ABC) .

@ Ldi gidi
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Goi H la chan duong cao ha tir S xuéng (ABC) va M = AH N BC.
Tac6 SH L (ABC) = SH 1 BC = BC L SH.

Laics 42458 L 6a | (sBC)= sA L BC = BC L 54
A s4 1L sc '

_ (BC LSH
Nhuvay § o~ o, = BC L (SAM) = BC L SM.

Tt SA L (SBC) = SA L SM
Dodé— =+ 4+ b 1 1 3
SH2 ~ SA? "SMZ  SA? 'sB2 sc2 a2 T

s

VI DU 7. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh vuéng canh bang 1. Tam giac SAB
déu va nam trong mat phang vuéng goc véi day (ABCD). Tinh khoang cach tir A dén
(SCD).

@ Loi gidi

Goi H la trung diém AB, suy ra SH L AB.

Do d6 SH L (ABCD).

Do AH || CDnénd (A, (SCD)) =d(H,(SCD)).

Goi E la trung diém CD; K 1a hinh chiéu vuéng goc cta
H trén SE.

SH.HE V3
Khidéd(H,(SCD)) =HK = ——=__ — Y=,
(H, (5¢D)) VSH2+HE?2 /7

1

Vay d (A, (SCD)) = HK = g

VI DU 8. Cho ling tru ABC.A'B'C’ c6 ddy ABC la tam giac vudng tai A canh AB =
34, BC = 5a. Hinh chiéu vudng géc ctia B’ 1én mit phang (ABC) 1a tim duong tron ngoai
tiép tam giac ABC. Goc gitta hai mat phang (ABB’A’) va mat phang (ABC) bang 60°. Tinh
khoang céach tir B dén mat phang (ACC'A’).

@ Loi gidi
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Goi H, N lan lugt 1a trung diém ctia canh BC va AB, ta ¢6 B'H L
(ABC) va HN L AB. Suy ra goc gitta hai mat phang (ABB'A’) va
mét phang (ABC) la B'NH = 60°.

TacéHN:%:Za.

Goi E l1a giao diém ctia B'H va CC’ nén H la trung diém cua B'E.
Goi M 1a trung diém ctia AC, F 1a hinh chiéu cta H lén ME.
Ta chung minh dugc HF 1 (ACC'A’) = d(H,(ACC'A’) = HF =

%d(B’, (ACC'A")).

1
Tacé HM = EAB — 37”;HE = B'H = 2a+/3.

Tam giac MHE vuodng tai H c6 duong cao HF

12a~/19
19

Do d6 d(B'(ACC'A")) = 2HF =

O
BAI TAP TU LUYEN
BAI 1. Cho it dién S.ABC c6 day ABC la tam giac déu canh a+/3. Canh SA = 2a la vudng goc
v6i mat phang ddy. Tinh khoang cach d tir diém A dén mat phang (SBC).
Loi giai.
Tam giac ABC déu, ké AM L BC (M € BC) = M la trung diém S

cua canh BC.

BC | AM
Ta cd BC L (SAM).
A0 NBc1sa T (SAM)
Khi d6 ké
AH L SM(H € SM) = BC L AH.
Nhu vay
AH | SM

AH 1 (SBC) = d — d (A; (SBC)) = AH.

{h  he = AH L (SBC) = d = d (4 (55C)
Ta co 3

ABV3 3a 1 1 1 1 1
A==y am st are - s

(3)

25
36a2

:>AH:ga:>d:ga.

0
BAI 2. Cho hinh chép tam gidc S.ABC c6 AB = BC = 2a va ABC = 120°. Canh SA = 3a va
vuong goc v6i mit phang day. Tinh khodng cach d cach tir A dén mat phang (SBC).
Loi giai.
Ké AM 1 BC (M € BC), taco S

CM L SA

{CM L AM
Tac6 AM = 2asin60° = av/3

1 1 1 1
Xét ASAM ta c6 — 3a

= CM L (SAM) = CM L AM.

= — d:_
E AR sa2 a3 A C

zn
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O

BAI 3. Cho hinh chép S.ABCD c6 day la hinh vuong canh a; SA vudng goc voi ddy; SB hop voi
day goc 45°. Tinh khoang cach tir diém C dén mat phang (SBD) .

Loi giai.

Ta c645° = SB, (ABCD) = SBA = SA = AB = a.
Goi O la giao diém cua AC vd6i BD.
Tacod(C,(SBD)) =d (A, (SBD)).

Ké AH 1 SOtaco

BDLAC b 1 (sac)= BD 1 aH
BD L SA
ma AH L SO = AH L (SBD).
1 1 1 3 a
Ta 6 _ - ° = AH = %
TOUm T A tasE T 2 7 V3
a

= d(C,(BD)) = .

BAI 4. Cho hinh chép S.ABC c6 day ABC la mot tam gidc déu canh 4, canh SA vuéng géc v6i
(ABC) va SA = h, goc gitta hai mat phang (SBC) va (ABC) bang 60°. Tinh khoang cach tir A dén
(SBC) theo a va h.

Loi giai.

 [AI L BC
= (SAI) L BC

. I 1\ o« A2 ? B
Goi I 1a trung diém cua BC, ta c6 SA L BC
Vay AIS chinh I goc gitta hai mat phang (SBC) va (ABC)
= AIS = 60°.

, _ (BC L (SAI)
Trong (SBC)ké AH 1 SI.Taco

= AH 1 BC.
AH C (SAI)

= AH 1 (SBC) = d (A, (SBC)) = AH.

Tam gidc ABC déu canh a nén Al = %g

~ (AH L BC
YVYAH 1 sI

Trong tam giac AIS ta co
1 1 1 1 1 4h*+3a®

A2 - AR T AsE T <a\/§)2 T2 T a3

2
ah\/3
VA2 + 342

ah\/3
L]

BAI 5. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vudng tai A va B, BA = BC =
a, AD = 2a. Canh bén SA vudng géc v6i ddy va SA = a+/2. Goi H la hinh chiéu vuong goc ctia A
trén SB. Tinh khoang cach tir H dén mét phang (SCD).

Loi giai.

Trong (ABCD) goi M = ABNCD, trong (SAM) goi K = AHN SM, ké AE 1 SC tai E va goi N
1a trung diém ctia AD.

Dé thay ABCN la hinh vuéng nén NC = AB = 4. Dodé NA = NC = ND = a = AACD vudng
tai C

= AH =
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= CD L AC,laic6 CD L SA = CD L (SAC)
= (SAC) L (SCD).

(SAC) L (SCD)
(SAC)N (SCD) = SC
AE C (SAC)

AE 1 SC

Vay = AE 1 (SCD)

Trong (AKE) ké HF || AE, F € KE, thi tu (1) suy ra HF L (SCD)
= d (H,(SCD)) = HF.

MB  BC a 1
Suy ra B la trung diém ctia MA.
,BH BH.BS = BA? a?

1
Lal CO = = g = —,
. 2 2 2 2

Véy H la trong tam cua tam giac SAM, do d6

HF KH 1 1

AE kA 3 HE=34E
Ta dién ADMS cobacanh AD, AM, AS d6i mot vuong goc va AE L
(SMD) nén

1 1 N 1 N 1
AE2  AD?  AM?  AS?
_ . 1t .1
C 4q2 0 442 242
= 12 = AE = a.
a
. 1 a
Vay d (H,(SCD)) = HF = §AE = 3

/N Tir bai trén ta thiy néu duomg thing AB cit () tai I thi % = %

BAI 6. Cho hinh hop chit nhat ABCD.A’B'C'D’ ¢6 ba kich thudc AB = a, AD = b, AA' = ¢. Tinh
khoang cach tir A dén mat phang (DA'C’).

Loi giai.
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Goi I 1a tAm ctia hinh binh hanh ADD’A’ thi I 1a trung diém

cta AD’.

(A, (DA'CY)) 1A
laco pr arcy) =~ 1
= d(A,(DA'C")) =d(D',(DA'C")).
Mat khac ta c6 ta dién D’ ADC’ ¢6 cac canh D'D,D’'A’, D'C’
do6i mot vuong goc nén

1 1 1 1
42 (D’, (DA'C’)) T D'D2 + D’ A’? + D/C'?
1 1 1
==+ =+

a? b2 c?
a%b? + b2c? + c2a?
a?b?¢c2

Vay  d(A,(DA'C')) —~ — -
2R

ﬁl\)l —_

abc
Va2b? + 22 + 242

759
A/
/
[ D
N V4
| N V.
| AN 7
B/ : \\ // /
N
T N C
| X
: A
| e ® N
| 4 AN
I // \\
(I AN
A)‘ ———————————————— D
//
’
7/
C
B
]

BAI 7. Cho hinh hép ABCD.A’B/C'D’ ¢6 tat ca cac mat déu la hinh thoi canh a, cac goc BAA' =

BAD = DAA’ = 60°. Tinh khoang cch tir A’ dén (ABCD).
Loi giai.

Do ABCD.A'B'C'D’ ¢6 tAt ci céc mit déu 1a hinh thoi canh a va BAA’ = BAD = DAA! = 60°
nén cac tam giac ABA’, ABD, ADA’ déu la cac tam gidc déu canh a

= A’A = A’B = A’'D (A’ cach déu ba dinh cia AABD).

Goi H 1a hinh chiéu ctia A’ trén (ABCD) thi cac tam giac vuong A’HA, A’HB, A’HD bang nhau

nén

HA = HB = HD.

Do d6 H la tdm ctia dudng tron ngoai tiép AABD.
Goi O giao diém cua AC va BD, ta ¢6
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2 Za\/§ a\/§
AH=3A0=37"="7%
A'H =\ AA”? — AH?
2
— a2 = av/3
- 3
— a2
= a5
A !/ / 2
Vay d (A, (ABCD)) :AH:a\@. O

O DANG 5.3. Khodng céch gilra dudng va mdat song song - Khodng cdch gilra hai
mat song song

(@) Cho duong thang d song song vdi mat phing (), dé tinh khodng cdch giita d va («) ta thuc
hién
— Chon diém A trén d sao cho khodng cdch tir A tdi (a) dugc xdc dinh dé nhat.
— Kétlugn d(d; (a)) = d(A, («)).

(2) Cho hai mdt phing song song («), (B). Dé tinh khodng cdch giita hai mt phing ta thuc hién
cdc buoc

— Chon diém A trén («) sao cho khodng cich tir A tdi (B) dugc xdic dinh dé nhit.
— Két lugn d((B); (2) = d(4, (B)).

—

VI DU 1. Cho hinh hép ABCD.A'B'C'D’ c6 cic canh déu bing a va BAD = BAA! =
DAA’ = 60°. Tinh khoang céch gitta hai mat phang day (ABCD) va A’B'C'D’,

@ Loi gidi

Ha A'H L AC.Tacé BD L (OAA")suyra BD L A'H = Al
A'H 1 (ABCD). Do (ABCD) || (A’B'C’'D) nén A’H la
khoang cach gitra hai mat day.

B/ / .
A’.ABD 1a hinh chép déu nén AH = %AO E) \ \
B

3

2
AH2 = A'A? — AH? = 2% g = e

3

VI DU 2. Cho hinh chép S.ABC c6 day ABC la tam giac déu canh bang a, mat bén (SBC)
vuodng goc voi ddy. Goi M, N, P theo thu tu 1a trung diém AB,SA, AC. Tinh khoang cach
gitta hai mit phang (MNP) va (SBC).

@ Loi gidi
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Ta ching minh duge (MNP) || (SBC). S
Suy rad((MNP); (SBC)) = d(P; (SBC)).
AP
AP (SBC) = C suy ra d(P;(SBC)) = S=d(A;(SBC)) =
N
%d(A; (SBC)).
Goi K 1a trung diém ctia BC. Tam gidc ABC déu suy ra AK L
BC.
Do (ABC) L (SBC) theo giao tuyén BC nén AK L (SBC). A C
Do d6, d(A; (SBC)) = AK = %g 7K
3 .

Vay d((MNP); (SBC)) = =

VI DU 3. Cho hinh chop S.ABCD c6 SA = av/6 va vudng goc v6i mét phang (ABCD), day
(ABCD) 1a ntra luc giac déu noi tiep trong duong tron duong kinh AD = 2a.
(D Tinh khoang cach tir A, B dén mat phang (SCD).
(2) Tinh khoang cach tir duong thang AD dén mat phang (SBC).
(3 Tinh dién tich thiét dién ctia hinh chép S.ABCD Vf}/i_ mit phang («) song song v6i mat
av/3

phang (SAD) va cach (SAD) mot khodng bang 4

@ Loi gidi

®

Ta ¢6 (SCD) L (SAC). Ha AH L SC = AH L
(SCD). Suy ra AH la khoang cach tir A t6i (SCD).

, 1 1 1 -
Xét ASAB: A2~ act tsaz = AH =aV2.
Goi I 1a trung diém cua AD, suy ra

BI || CD = BI || (SCD) = d(B, (SCD)) = d(I, (SCD)).

- B . d(L(sCD)) _
Mit khac, AIN (SCD) = D, nén d(4,(SCD))
D _1

AD 2’

Suy rad(I,(SCD)) = %ﬁ'

(2 Taco AD | CD = AD || (SBC) = d(AD, (SBC)) = d(A, (SBC)).
Ha AK 1 BC,tacdé BC L (SAK) = (SBC) L (SAK) va (SBC) L (SAK) = AK.
Ha AG L SK,suyra AG L (SBC).
Xét ASAK, ta co
1 1 1 a6

Acz a2 Tae AT 3
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(3 Tacé AK L (SAD).Gid st («) || (SAD) cat AK tai E, khi d6

av3 _

d((w),(5AD)) = AE =" %AK.

Suy ra E la trung diém ctia AK. Ta xac dinh thiét dién ctia hinh chép v6i mat phang (a) qua

E va song song voi (SAD).

Thiét dién 1a hinh thang vuong MNPQ v6i M, N, Q, P 1a trung diém ctia AB,CD, SB,SC. Ta
a2\/6

tinh dugc SMNPQ = 5

BAI TAP TU LUYEN

BAI 1. Cho hinh lang tru ABC.A’B'C’' ¢6 AA’ L (ABC)va AA’ = a, day ABC la tam gidc vuong
tai A c6 BC = 2a, AB = a+/3.

(D Tinh khoang cach tir AA’ t6i mat phang (BCC'B’).
(2) Tinh khoang céch tir A t6i (A’BC).
(3 Ching minh rang AB | (ACC’A’) va tinh khodng cach tir A’ dén mat phang (ABC').

Loi giai.

(1 Ha AH L BCsuyra AH L (BCB'C).
Ta 6 d(AA’; (BCB'C')) = d(A;(BCB'C')) = AH =
aV/3
T.

av'21

@ Ha AK L A'H.Ta c6 d(4; (A'BC)) = AK = =

(3) Ha A’P 1 AC'. Khodng cach tir A’ dén mat phang
a
ABCY1a AP = —.

BAI 2. Hinh chép tit gidgc déu S.ABCD c6 canh day bang a va canh bén bang a+/2.
(D Tinh khoang cach tur S t6i (ABCD).
(2) Tinh khoang cach gitta dudong thang AB va mét (SCD).

Loi giai.
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@ Goi ACNBD =OsuyraSO L (ABCD).
Ta c6 d(S; (ABCD)) = SO = v/SAZ — OAZ

. _aveé
@ Ta <6 d(AB;(SCD)) = d(A;(SCD)) =
2d(0; (SCD)) = OH. Tinh dugc OH = “\1/;1_2.

BAI 3. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SA | (ABCD) va SA = 2a.
(D Tinh khoang céch tir A t6i (SBC) va khoang céch tir C t6i (SBD).
2 M, N lan luot la trung diém ctia AB va AD. Tinh khoang cach tir MN t6i (SBD).

(3) Mat phang (P) qua BC cat SA, SD theo thi tu tai E, F. Cho biét AD cach (P) mot khoang 1a
2
%, tinh khoang cdch tir S t6i (P) va dién tich t gidc BCFE.

Loi giai.

(1 Ha AH 1 SBsuyra AH L (SBC).

Ta c6 d(A; (SBC)) = AH = 2%

V5

(2 ACNBD = OsuyraBD 1 (SAC).Ha AK L
SO thi AK L (SBD). Ta 6 d(C;(SBD)) =
d(A; (SBD)) = AK = 23_“

(3 Ha AQ L BEsuyra AQ L (P).
Ta co r_1 + L

AQ?  AB?  AE?
Do d6 E la trung diém cua SA. EF | ADnén F
1a trung diém SD.

suy ra AE = a.

a2
d(5; (P)) = d(4; (P)) = d(AD; (P)) = %2,
BCFE la hinh thang vudng tai E, B.
3a2y/2
SBCFE = —

BAI 4. Cho hinh lap phuong ABCD.A'B'C'D’.
(D Ching minh rang B'D vuéng géc véi mat phang (BA'C').
(2) Tinh khoang cach gitta mat phang (BA'C’) va (ACD’).

Loi giai.
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Tacé A'C' L (BDB'D') suy ra (BA’C’) L (BDB’'D) theo giao tuyén BO'.
Ha OK L BO' thi OK L (BA'C’). Tacé

1 1 1 a
= K - —F=.
orz ~op2 Too2 = K=
Khoang cach gitta mat phang (BA’C’) va (ACD') bang khoang cach tir O t6i (BA'C'). O

BAI 5. Cho hinh chép S.ABCD c6 SA = 2a va vudng géc v6i mat phang (ABCD), day ABCD la
hinh thang vudng tai A va B, AB = BC =a, AD = 2a.

(D Tinh khoang cach tir A, B t6i mat phang (SCD).
(2) Tinh khoang cach giita duong thang AD va mat phang (SBC).

3 Tinh dién tich ctia thiét dién ctia hinh chép S.ABCD véi mat phang song song véi (SAD) va
cach mot khoang bang g.

Loi giai.
@ Dép sé: d(A; (SCD)) = 2% d(B; (SCD)) = -~
p . 7 \/§/ 7 \/g
2a
d(AD; (SBC)) = L.
@ d(AD; (S5C)) = =
4 2
@ SEFGH = %

O

[ DANG 5.4. Poan vudng géc chung, khodng cdch gilra hai dudng thdng chéo
nhau

Phwrong phdp. Ta co cdc truong hop sau:

1) Truong hop 1
Gid st a va b 1a hai duong thang chéo nhauvi a 1 b. b

— Ta dung mit phang () chita a va vuéng goc vdi b a
tai B. B

— Trong («) dung BA L a tai A, ta dugc do dai doan :
AB la khodng cdch gita hai duong thing chéo nhau X L
avab. '
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2) Truong hop 2

Gid st a va b la hai duong thang chéo nhau nhung b B M
khéng vudng gdc vdi nhau. -

— Ta dung mit phang () chita a va song song vdi b.

— Léay mét diém M tiy yj trén b va dung MM’ vudng A M
goc vdi () tai M.

— Tir M dung b’ song song vdi b cit a tai A.

— Tir A dung AB song song vdi MM’ cit b tai B, d¢
dai doan AB la khodng cdch giita hai duong thing
chéo nhau a va b.

Nhin xét

a) Khoing cich giita hai duong thing chéo nhau bang khodng cdch giira mot trong hai duong
thing do va mt phing song song véi nd chita duong thing con lai.

b) Khodng cich giita hai duong thing chéo nhau biang khoiang cdch giita hai mdt phang song song
lan lugt chita hai duong thang doé.

VI DU 1. Cho hinh chép S.ABCD c6 day 1a hinh vuéng ABCD canh 4, ¢6 canh SA = h va
vudng goc voi mat phéng (ABCD). Dung va tinh d6 dai doan vuong goc chung cta hai
dudng thang chéo nhau:

a) SBvaCD. b) SC va BD. ¢) SCva AB.

@ Loi gidi

BC L SA

BC 1 (SAB BC 1 SB.
BCLAB:>C (SAB) = BC L S

a) Ta co: {
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Mat khac BC L CD. Vay BC la doan vudng goc chung cia SB va CD.
Suy rad(SB,CD) = BC = a.

BD 1 SA
BD 1 AC
Trong mat phang (SAC), ké OH | SC tai H,tac6 OH 1. SCva OH 1 BD (vi BD L (SAC)).
Vay OH la doan vuong goc chung cua BD va SC.

b) Goi O 1a giao diém ctia AC va BD. Ta co: { = BD 1 (SAC) tai O.

OH SA — OC.SA a2 h
Tacd — = 22 —sinA H— _ . _
aco oOC SC sin ACS = O SC > Ty
ah\/2
Vay d(SC,BD) =0OH = ———~— .
y d( ) Wi

¢) Tacé AB || CD = AB || (SCD).

Ta co: €D L oA = CD 1 (SAD) = (SCD) L (SAD) theo giao tuyén SD
a co: CD | AD €0 glao tuyen o D).

Trong mat phang (SAD), ké AK 1 SD tai K, ta c6: AK | (SCD) = AK 1 SC.
Trong mat phang (SCD), ké KE || CD (E € SC).

Trong mat phang (AB,KE), ké EF || AK (F € AB) = EF L SC.

Laicé AB | CDvaCD L (SAD) = AB L (SAD) = AB L AK = AB L EF.
Do do EF la doan vuong goc chung cua SC va AB.

SA.AD ah
Ta c6 EF = AK = — ,
aco D Tn
ah
Vay d(SC,AB) = ——.
y d( ) e

VI DU 2. Cho t dién OABC c6 OA, OB, OC vudng géc véi nhau doi mot va OA = OB =
OC = a. Goi I 1a trung diém ctia BC. Hay dung va tinh do dai doan vudng goc chung ctia
cac cap duong thang chéo nhau:

a) OA va BC. b) Al va OC.

@ Loi gidi
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OA 1L Ol
a) Taco {BC 101 = OI la doan vuong goc chung cia OA va BC.
BC 2
Tam giac OBC vudng can tai O nén OI = - = %.

Vay d(OA, BC) = #

b) Goi K 1a trung diém ctia OB, ta ¢6 IK | OC = OC || (AIK).

Ta 6 IK 1 OB
0 {IK LoA

Trong mat phang (OAB), ké OH | AK tai H, tacé: OH | (AIK) = OH 1 Al

Trong mat phang (AIK), ké HE || IK (E € SI).

Trong mat phang (HE,OC), ké EF || OH (F € OC) = EF 1 AL

Lai c6 OC L (OAB) = OC L AH = OC L EF.

Do do EF la doan vuong goc chung cua OC va Al
1 1 1 4 5

O oA TOR 2 TR =&

= IK L (OAB) = (AIK) L (OAB) theo giao tuyén AK.

Trong tam giac vudong OAK ta co:

Suyra EF = OH = a5_5'

a5

Vay d(ALOC) = =

L]
VI DU 3. Cho hinh ldng tru ding ABC.A’B'C’ ¢6 day ABC la tam gidc vudng tai A voi
AB =a, AC = 2a; canh bén AA’ = 2a. Hay dung va tinh d6 dai doan vuéng goc chung cta
hai dudng thang BC' va AA'.

@ Ldi gidi
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A/ C/

B/

Tac6 AA’ | BB' = AA’ || (BB'C'C).
Vi (A'B'C') L (BB'C'C) theo giao tuyén B'C’ nén trong mat phang (A’B'C’), ké A’H 1 B'C’ tai
H,tacé: A'H L (BB'C'C) = A’H L BC'.
Trong mat phang (BB'C'C), ké HF || AA’ (F € BC'). Trong mat phang (HF, AA’), ké FE || A’H
(E€ AA") = FE L BC'.
Taco AA’ L (A'B'C') = AA' L A'H = AA' L FE.
Do d6 EF la doan vuong goc chung cia AA’ va BC'.
1 1 1 1 5

Trong tam giac vuéng A’B'C’ ta c6: TR - apgr T e — gt i T i

Suyra EF = A'H = @.
Vay d(AA',BC') = 2”5\/5 . O

VI DU 4. Cho lang tru déu ABC.A’B/C’ ¢6 tht ca cac canh bang nhau. Xéac dinh doan vuéng
g6c chung ctia hai duong thang A’B va B/C.

@ Loi gidi
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Goi M, N, N’ lan lugt 1a trung diém ctia AA’, AC, A’C’.

(BN L AC
Ta c6 .= BN L (ACC'A’) = BN L C'M.
BN L AA

MaC'M L AANnénC'M 1 (A'BN).Dod6 C'M L A’B.

Tuong tu tac6 C'M L (B'N'C) = C'M L CB'.

Vay ta c6 duong thang C’'M vuong goc véi ca hai duong thang A’B va B'C.

Lay diém I thudc BB'. Goi E 1a giao diém ctua MI va A’B; F la giao diém cua IC’ va B'C.
Ta can tim vi tri ctia I dé EF || C'M.

IE FI BI IB’
TacOEF ||C'M &

ME _FC < MA — CC

. BI 1B’
Do CC' = 27MA' nén —-n = Gm IB' = 2BI.
Vay I 1a diém thudc doan BB’ sao cho B’ = 2BI thi EE 1a doan vudng goc chung cta hai duong
thang A’B va B'C v6i E la giao diém ctia MI va A’B; F la giao diém cta IC' va B'C. O

VI DU 5. Cho hinh chép S.ABC c¢6 day la tam gidc déu canh a. SA = 2a va vuéng goc véi
mét ddy. Tinh khoang cach gitta hai duong thang SB va AC.

@ Loi gidi



770 CHUONG 3. QUAN HE VUONG GOC

Trong mat phang (ABC), dung hinh thoi ACBD, ta c6: BD | AC = AC || (SBD).

= d(AC,SB) = d(AC,(SBD)) = d(A, (SBD)).

Goi I 1a trung diém ctia BD, ta c6: BD L AIvaBD L SA = BD 1 (SAI).

= (SBD) L (SAI) theo giao tuyén SI.

Trong mat phang (SAI), ké AH | SItai H,tacé: AH L (SBD) = AH = d(A, (SBD)).
Tam gidc SAI vuodng tai A c6 duong cao AH.

_ 1 _1+1_1+4_19
AHZ_SAzz A2 442 342 1242
12a 2a+\/ 57

2_— p—
AH- = 19 hayAH 9
2a+/57

VI DU 6. Cho hinh chép S.ABCD cé day la hinh vuong canh bang a, SA vuong goc véi day
va SA = a. M la trung diém ctia SB. Tinh khoang cach giita cac duong thang:

a) SCva BD. b) AC va SD. ¢) SDva AM.

@ Loi gidi
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S
E M
K - E //// II’
\\\‘\AI/// I/
E<---------- """"""j: """" /"'"'""""':j:: B
,"”’/’ N //I H ,”’/”’
=7 /\ﬁ:" .
,””’ O\\
D C
) Goi O la gi dié 1a AC va BD. Ta co: BDJ_SA:>BDJ_(SAC)’£'O
a 01 a giao diem cua va . 1a co: BD | AC ai 0.

Trong mat phang (SAC), ké OH | SC tai H, tac6 OH 1. SCva OH L BD (vi BD L (SAC)).
Vay OH la doan vuong goc chung cua BD va SC.

av/2

_OH SA . = OC.SA 2 " 4v6
T _— = — = A H ) == — .
acoOC SC sin ACS = O SC 3 G
Vay d(SC, BD) = OH = %.

b) Dung hinh binh hanh ACDE, ta c6: AC || DE = AC || (SDE).
= d(AC,SD) = d(AC, (SDE)) = d(A, (SDE)).

< 2 ) . , |DE L Al
Trong mat phang (ABCD), ké AI L DE tai I, ta c

DE | (SAI).
DE L SA (SAD)
= (SDE) L (SAI) theo giao tuyén SI.

Trong mat phang (SAI), ké AK | SItai K, ta c6: AK L (SDE) = AK = d(A, (SDE)).

Ta ¢6 AIDO la hinh binh hanh nén Al = OD = #

Trong tam giac vuong SAI ta co: L _ 1 + L —£+l—i
Ong tam glac vuong AT AR s T 2T 2T
Suy ra AK = #.
Vay d(AC, SD) = d(A, (SDE)) = AK = %5
c) Tac6 OM || SD va AC || DE nén (AMC) || (SDE).
Suy ra d(SD, AM) = d((AMC), (SDE)) = d(A, (SDE)) = AK = %g

BAI TAP TU LUYEN
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BAI 1. Cho hinh chép S.ABCD c6 day la hinh vuéng canh bang a; SA vuong goc véi day va
SA = a; M, N lan luot la trung diém ctia AB va SC. Chiing minh rang MN la doan vuéng géc
chung ctia AB va SC. Tinh khoang cach gitta AB va SC.

Loi giai.

Goi O 1a tdm ctia hinh vuéng ABCD, ta ¢6 ON la duong trung binh ctia tam gidc SAC = ON || SA

= ON L (ABCD).

Suy ra MO la hinh chiéu ctia MN trén mat phang (ABCD).

Ma MO L ABnén MN L AB (dinh li ba duong vuéng goc.
2

2 2 2

Tam gidc MON vuong tai O = MN? = MO? + ON? = %= 4+ & = =L
2 2
Tam gidc SAM vuong tai M = SM? = SA%2 + AM? = a® + ‘ZZ = 5%.

SC\?2 SA2+ AC?2 a2+222 342
4 2 —_ — — = —
Ta co SN- = - 1 1 1

Suy ra SM? = SN? + MN? hay tam giac SMN vudng tai N = MN L SC.

Do d6 MN la doan vudng goc chung cia AB va SC.

2
Vay d(AB,SC) = MN = %— O

BAI 2. Cho hinh lap phuwong ABCD.A’B'C'D’. Xac dinh dudng vuong géc chung ctia hai duong
thang BD va B'C.

Loi giai.
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F A T G I S !/
Al > : B

D’ C’

Tacé BD L (ACC'A”) = BD L AC'.
Laic6 B'C L (ABC') = B'C L AC'.
Vay ta c6 duong thang AC’ vuong goc véi ca hai duong thang B'C va BD.
Lay diém I thudc BC. Goi M la giao diém ctia AI va BD; N la giao diém ctia IC’ va B'C.
Ta can tim vi tri cua I d& MN || AC'.

, . IM IN IB IC
Tacé6 MN || AC S UA-NG T AD - B < IB = IC.
Vay khi I la trung diém ctia BC thi MN la doan vuong géc chung ctia hai duong thang BD va B'C
v6i M 1a giao diém ctia AI va BD; N la giao diém ctia IC’ va B'C. O
BAI 3. Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tam O canh a, SO vuéng géc v6i mat
phang day (ABCD) va SO = a. Tinh Khoang cach gitta hai duong thang SC va AB.
Loi giai.

Tac6: DC | AB = AB || (SCD) = d (AB,SC) = d (AB; (SCD)) = d (A; (SCD)).
Goi I 1a trung diém ctia CD, ta ¢c6 CD L OI.
Ma CD 1 SO = CD L (SOI) = (SCD) L (SOI) theo giao tuyén SI.
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Trong mat phang (SOI), ké OH 1 SI tai H,tacé OH L (SOI).
1 1 4 1 5

O ok s T2t e 2

Trong tam giac vudng SOI ta co

Suyrad (0O;(SCD)) = OH = g.
n Za\/5
Vay d (AB; (SCD)) = d (A; (SCD)) =24 (O; (SCD)) = - O

BAI 4. Cho hinh chép S.ABC c6 day la tam giac déu canh a. Canh bén SA vuong goc vdi mat day,
mit bén SBC tao vé6i day mot goc 60°. Tinh khoang cach giita hai dudng thang:

a) SA va BC. b) SBva AC.

Loi giai.

GoiKlat diém cta BC, t .
a) (0)8 a rung 1em Cua a CoO AKJ_ SA

Do d6 AK la doan vuéng géc chung ctia hai duong thang SA va BC.

) {AKJ_ BC

Vay d(SA, BC) = AK = %

(SBC)N (ABC) = BC
b) Tacd ¢ SA L (ABC)
AK L BC.
= SK 1 BC = SKA la géc gitta hai mat phang (SBC) va (ABC). Do d6 SKA = 60°.
Tam giac SAK vuong tai A co SKA = 60° = SA = AK.tan 60° = 3—211.
Trong mat phang (ABC), dung hinh thoi ACBD, ta c6: BD || AC = AC || (SBD).
= d(AC,SB) = d(AC, (SBD)) = d(A, (SBD)).
Goi I 1a trung diém ctia BD, ta c6: BD 1. AIvaBD L SA = BD 1 (SAI).
= (SBD) L (SAI) theo giao tuyén SI.
Trong mat phang (SAI), ké AH 1 SItai H,tacé: AH L (SBD) = AH = d(A, (SBD)).
Tam giac SAI vuong tai A c6 duong cao AH.
1 1 1 4 4 16

T AR T SAZ T AR T 92 T2 T o
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942 3a

2_— == —_—

:AH—16ha};,AH 1
Véay d(SB, AC) = _4a.

O

BAI 5. Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh khoang cach giita hai duong
thang BC’ va CD'.

Loi giai
g .
n y
1 /,'
1 .7,
¥ 0 %
1 Ry
I - P ’
1 1 S~ 7’ ’
I ! S~a e /
! 1 S /
! 1 1 ~
— ; " H
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1 1
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" 1 1
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, 1 7 ’
1 ! /
1 1 /
1 X /
I ! /
! ! ! ’
1 ! ! ’
i ! ! ’
f 1 1 ’
LA K S D4
! > 1 / _ -
~ ’ -
f , S o, -
1 4 ~ o, d--
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Goi O, O' 1an luot 1a tdm cta hai hinh vuéng ABCD va A'B'C'D’.

Ta c6 (ACD') || (BA'C') = d(BC',CD’) = d ((ACD'), (BA'C’)) = d(O, (BA'C")).

Tacé A'C' L (OBB'O’') = (BA'C') L (OBB'O') theo giao tuyén BO'.

Trong mat phang (OBB'O’), ké OH | BO' tai H, tac6 OH L (BA'C') = d (O, (BA'C’)) = OH.
Tam gidc OBO’ vuong tai O c¢6 OH la duodng cao.

Lt _ 1 1 2.1 3
OH? (gB2 00?2 a2 a2 g%
:OHZ:%hayOHzﬁ.
Vay d(BC',CD’) = %g O
BAI TAP TONG HOP

BAI 6. Cho hinh lang tru ABC.A’B'C’ ¢6 day ABC la tam giac déu tam O, A’A = A’'B = A'C =

21 : , , \
%—, khoang cch tir diém O dén mat phing (ABB'A’) bing g Tinh d6 dai canh d4y ctia hinh

lang tru da cho.
Loi giai.
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C/

Ta c6 O la tAm ctia tam gidc déu ABC va A’A = A’B = A’Cnén A’O la truc ctia dudng tron ngoai
tiép tam gidc déu ABC.
— A'O L (ABC).

OI L AB
; { = AB L (A'OI).

Goi I 1a trung diém ctia AB, tacé ¢

A'O L AB
= (A'OI) L (ABB'A’) theo giao tuyén A'I.
Trong mat phang (A’OI), ké OH | Al tai H,tac6 OH | (ABB'A’)

= OH =d(O, (ABB'A) = 3.

1 1
Goi do dai canh ddy la x (x > 0) thitacs O = =CI = - xz—ﬁ — $
Tam gidc A’OI vuong tai O ¢6 OH la duong cao.
1 1 1 1 1 1 4 12 a’x?
= = = = - =5 - 5 =0A"= " 1
OH? OI? + OA2 =~ OA”? OH? OI? a2 x? 4x2 — 1242 (1)
Ta lai c6 tam gidac A'OA vuong tai O.
2 2 2.2
;»OA'ZZAA'Z—ONZ%—%:%’?)X. 2)
Tir (1) & (2), ta ¢o:
2,2 742 — 22
4x2a_x12a2 - 3 i & 3a2x?% = 28a°x% — 4x* — 84a* + 124%x2
xz — 45[2 X = 2ﬂ
4t -3+ 84t =0 | | g2 & a2l
X = — = .
4 2
V21
Vay d6 dai canh day cua hinh lang tru da cho la 24 hodc 4 > O

BAI 7. Cho hinh chép déu S.ABCD c6 canh déy bang 2a, canh bén bang a+/5. Goi (P) 1a mat
phang chita AB va khoang cach gitta CD va (P) bang a.

a) Tinh géc gitta hai mat phang (P) va (ABCD).

b) Xac dinh thiét dién ctia hinh chép S.ABCD cét béi mat phang (P). Tinh dién tich ctia thiét dién
nay.

Loi giai.
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Goi I, ] 1an lugt 1a trung diém ctia AB, CD.
AB 1 SI
O\ g 1 1 = ABL S = (P) L (S1).
Lai c6 CD || AB = CD || (P) = (SCD) N (P) = MN || CD (M € SC,N € SD).
Trong mat phang (SCD), goi K 1a giao diém ctia S] va MN, ta c6 (P) N (SI]) = IK.
Trong mat phang (SI]),ké JH 1 IK tai H,tacé JH L (P) = JH = d(], (P)).
ViCD || (P)nénd(CD, (P)) =d(J,(P)). Do do, taco JH = a.
(P)N(ABCD) = AB

Ta

Taco{ AB L I] = JIH la géc gitra hai mit phing (P) va (ABCD).
AB 1 IK
., N . ~ —_ ]H 1 — o
Tam giac IH] vudng tai H nén tan J[IH = I_] =5 = JIH = 30°.

Thiét dién ctia hinh chép S.ABCD cat béi mat phang (P) la hinh thang ABMN.

Tam gidc SIA vuong tai I nén SI2 = SA? — [A? = 5% — 4% = 4a® = SI = 2a.

= S] = SI = I] = 2a = tam giac SI] déu canh 2a.

= IK la duong phan gidc ctia tam giac SI] nén IK ciing la duong trung tuyén, dudng cao ctia
tam giac SIJ.

= K la trung diém ctia S| hay MN la duong trung binh ctia tam giac SCD = MN = a.

Hinh thang ABMN c6 hai day MN, AB va duong cao IK nén c¢6 dién tich la:

1 3a%/3
SABMN = E(AB + MN).IK = 2\/—.
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BAl6.  DE KIEM TRA CHUONG 3

O bESOIA

Cau 1. (6 diém) Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng tdim O, canh AB = a. Mt
bén (SAB) la tam gidc déu va vudng goc voi mat day. Goi H, | 1an luot 1a trung diém AB, AD.

a) Chung minh SH L (ABCD); (SBC) L (SAB)
b) Tinh géc hop béi hai mt phang (SCD) va (ABCD)

c) Tinh theo a khodng cach tir diém O dén mat phang (SBC) va khoang cach gitra hai duong
thang CJ va SD.

Loi giai.

a) Ta c6 tam gidc SAB déu va c6 H la trung diém ABnén SH 1 AB.
(SAB) L (ABCD)
Ma { (SAB)N(ABCD) =AB = SH L (ABCD)....coiiiiiiiiiii i (0.5)
SH C (SAB)
Ta c6 BC L SH (vi tam gidc SAB la tam giac déu vudng goc v6i mat day) va BC L AB =
BC L (SAB).

= (SBC) L (SAB) ettt (0.5)
b) Goillat diém CD. Ta c6: IHJ_CD:>CDJ_(SHI):>CDJ_SI (0.5)
oi Ilatrung diém CD.Taco: 4 o | oy = CD L (SHI) = CD L SI..oovinnnnn, 5).
Ma (SCD)N (ABCD) =CD = ((SCD),(ABCD)) = (SLHI)......cccooiiiiiiiiiiiaa... (0.5)
Ta co tam giac SHI vudng tai H, c0 SH = %g, IH = gq, tan STH = ?—H = \/Tg
= SIH~41°
Vay ((SCD), (ABCD)) = 410 ettt e e e e (0.5)
¢) Taco OH || BC C (SBC) = OH || (SBC) = d(O,(SBC)) =d(H,(SBC)). ...ccvevun.... (0.5)

(SAB) L (SBC), (SAB) N (SBC) = SB, trong (SAB) ké HF | SB tai .
= HF L (SBC) = d(H, (SBC)) = HF. ... o\ (0.5)
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. . o NN .1 1 1 16
Tam giac SHB vuong tai H c6 HF la duong cao nén HE2 — S + B2 — 372
= HF = M . Vay d(O, (SBC)) = ”‘[ ................................................ (0.5).
Ta ¢6 ACD] — ADAH = DCJ = ADH, ma DCJ + DJC = 90°
= ADH+DJC=90°= JC L DHvaCJ L SH = CJ L (SDH)......cevevereren... (1.0)
Goi K = CJ N DH.
Trong (SDH) ké KP L. SDtai P.TacOd(CJ,SD) =KP.....cooiiiiiiiiiiiiiiiiiia. (0.5).
DK 2 av30 a+/30
DF = &= KP =352 Vay d(CJ,SD) = 0= (0.5).

Cau 2. (4 diém)Cho hinh chép S.ABC c¢6 tam gidc ABC vuéng tai A. Canh SA | (ABC) biét
SA=AC=aV3,AB=a.

a) Tinh go6c hgp bdi canh SB v6i mp(SAC)

b) Dung AH | BC tai H. Chiing minh rang (SAH) 1 (SBC).

¢) Tinh g6c hop bdi (SBC) va (ABC)

d) Goi I 1a trung diém ctia SA. Tinh khoang cach tir diém I dén (SBC).

Loi giai.

a) Taco6 BA L ACvaBA 1 SA= BA 1 (ABC)
= AB la hinh chiéu ctia SB 1én (ABC)

= (SB, (SAC)) = (SB, AS) = BSA ... oo (0.5)
AB a V3
TacotanBSA—SA B—?

= BS A = 30 (0.5)
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b) Taco SA L BC
Ma AH | BC = BC L (SAH) = (SBC) L (SAH) ..ot (0.5)

c) Tacoé BC L (SAH)
= BCLAHvaBCLSH
= ((SCB), (ABC)) = (SH,AH) = SHA
(0.5) Trong tam gidc SAH vuong tai A ta co:
1 1 1 aV/3 SA

TR = AR + e = AH = > tanSHA = a0 2= SHA =arctan2 ........... (0.5)

d) T I dung IK L SH.Tacé (SBC) L (SAH)
= IK 1 (SBC) = IK1a khodng cach tit A dén (SBC).........ooviiiiiiiiiiaiiaaaaaaa... (0.5)
Goi AL la duong cao ctia tam giac SAH ta co

L S SV AA K
A2~ AS2 T ARZ /5

k= A kY (0.5)

2 2v/5

O bpEsd 1B

Cau 1. (6 diém)Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuéng tdm O, canh AB = a. Mt
bén (SAD) la tam giac déu va vudng géc vi mat day. Goi I, M lan luot 1a trung diém AD, AB.

a) Chung minh SI L (ABCD); (SAD) L (SCD).
b) Tinh géc hop béi hai mat phang (SBC) va (ABCD).

c) Tinh theo a khodng cach tir diém O dén mat phang (SCD) va khoang cach giita hai duong
thang CM va SB.

Loi giai.

a) Ta c6 tam gidc SAD déu va c6 I 1a trung diém AD
(SAD) L (ABCD)
Nén SI L AD va { (SAD) N (ABCD) = AD = SI L (ABCD)...vvoiveeeieeiieeiin (0.5)

SI C (SAD)
Tac6CD L SIva AD 1. CD = CD L (SAD) = (SAD) L (SCD)...................... (0.5)
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Goi H 1a trung diém BC.

Ta c6: HILBC:BCL(SHI):>BCLSH (0.5)
a Co: I L BC  °n R Bl Lot .
Ma (SBC) N (ABCD) = BC = ((SBC), (ABCD)) = (SH, HI).......o'eeeaeiin .. (0.5)

Ta co tam giac SHI vuodng tai I, c6 SI = a\/Tg; IH =a, tanS/\HI = % = \/75
e SHT A 410 e (0.5)
Vay ((SBC), (ABCD)) ~ 41°
Tacé: OI || CD C (SCD) = OI || (5CD) = d(0O,(SCD)) =d(I,(SCD)) ......oevvv.... (0.5)
(SAD) L (SCD),(SAD)N (SCD) = SD , trong (SAD) ké IF | SDtai F = IF L (SCD) =
(L, (SCD)) = IF ..o e e (0.5)
Tam giac SID vuong tai I co IF la duon 1r1A1r11 —1—1— 1 _ 16

am giac uong tai I co a gcaonen — =« + 757 T 3.2
= [F = % ........................................................................... (0.5).
Vay d (O, (SCD)) = %
Ta c6: ACBM = ABAI = BCM = ABI Ma BCM + BMC = 90°
= ABI+BMC =90°=CM L BIvaCM LSI=CM L (SBI)...........ccceeiinn... (1.0)
Goi K = CM N BI. Trong (SBI) ké KP 1 SBtai P. Tac6 d(CM,SB) =KP ............... (0.5)
DK 2 a+/30
DI 5 K=
Vay d (CM, SB) = “25’0 ................................................................ (0.5)

Cau 2. (4 diém)Cho hinh chép S.ABC c6 tam gidc ABC déu canh a. Canh SA | (ABC) va SA =
av/3.
a) Tinh goc hgp bdi canh SC véi (ABC)

b) Goi I 1a trung diém ctia BC. Chiing minh rang (SAI) L (SBC).
¢) Tinh g6c hop bdi (SBC) va (ABC)
d) Goi ] 1a trung diém ctia SA Tinh khoang cach tir diém | dén (SBC).

Loi giai.
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a) ViSA L (ABC) = AC la hinh chiéu cia SC 1én (ABC)

= (SC, (ABCD) = (SC, AC) = SCA ...\ e (0.5)
A
Tacétan SCA = Z—C = V3= SCA =600 ..o (0.5)

b) Tacoé BC L Al (vi AABC déu)
Mat khac SA L BC (ViSA L (ABQC))
= BC L (SAI) = (SBC) L (SAIL) ... e (1.0)

c) Tacé BC L (SAI)
— BC L AIva BC 1 SI

= ((SCB), (ABC)) = (SI, AL) = STA oo oo e (0.5)
Trong tam gidc SAI vuong tai A ta c6 tan SIA = % —2=SIA=arctan2............. (0.5)

d) Tir ] dung JK L SI
Tac6 (SBC) L (SAH)

= JK 1 (SBC) = JK1a khodng cach tot A dén (SBC) ......uvvviiiiiiiiiiiiiiiiieeaa... (0.5)
Goi AH la duong cao cta tam giac SAI ta co
1 1 1 av/3 AH av/3
AH2_A52+A12:>AH_W:>]K_T:>IK_m ......................... (0.5)
O

® bDESO2A
Cau 1. Cho hinh thang ABCD vuodng tai A (AB || CD), AB = AD = a,CD = 2a va O la trung
diém CD. Trén dudng thang di qua O va vudng goc véi (ABCD), lay diém S sao cho SA tao v6i
day (ABCD) mot goc 45°.

@ Chitng minh BD vuéng géc v6i mit phang (SAO).

(2) Chitng minh mat phang (SBD) vudng géc véi mat phang (SAO).

(3 Tinh géc gitta hai mat phang (SAB) va (ABCD).

(@) Tinh khoang cach gitta hai duong thang SD va BC.

Loi giai.
Vé hinh dung
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@ Vi O la trung diém CD = CO = DO = a = AB = ABOD la hinh vuéng (@D = 90°)

= AO L BD Al J. oot [1 diém].
ViBD 1L AO,BD 1. SO = BD L (SAO) ..t [1 diém].
2 ViBD L (SAO)vaBD € (SBD) = (SBD) L (SAO) ..., [1 diém].

(3) Vi ABOD la hinh vuéng nén AB L OB. Ma AB L SO (do SO L (ABCD)) nén AB L

(SBO) = AB L SB .ttt e e e [0,5 diém].
Lai c6 (SAB) N (ABCD) = AB, AB L SB, AB L OB, SB C (SAB), OB C (ABCD) nén géc
gitta (SAB) va (ABCD) 1A SBO .. ..ot [1 diém].
Vi ABOD la hinh vuéng canh a = AO = av/2. Do SA tao véi (ABCD) mot géc 45° nén
SAD = 45° = SO = G2 o oo [0,5 diém].
Xét tam gidc SOB vudng tai O ¢6 tan SBO = g—(; = V2= SBO~54,76°......... [1 diém].

(@) Trong (ABCD), ké duong thangd diqua D,d | BC=d L BD.TuOkéOI L d (I €d) =

DJOI Ia hinh vuéng va DI L (SOI) = OI = DJ = ”2—2 ......................... [1 diém].
KéOH L SI(H € SI) = OH L (SID) = OH = d(0; (SID)) ...'vvevee.. [0,5 diém].
Xét ASOI vudng tai O co
a2 1 1 1 ay/2
= ay/2,01 = H="YC .. 1
SO =av2,0 "o - tor = O N [1 diém]
o . d(C,(SDI)) CD
DI) tai D === =2
C6 CO cat (SDI) tai :>d(O,(SDI)) oD
— d(BC,SD) = d(C, (SDI)) = 20H = 2 20 [0,5 diém]
V5
0

® bpEsd28

Cau 1. Cho hinh thang ABCD vuéng tai A (AB || CD), AB = AD =a,CD = 2a,SD | (ABCD)
va SA tao véi day (ABCD) mot goc 60°.

@ Chitng minh BC vudng géc véi mit phang (SBD).

2 Goi O la trung diém CD. Chitng minh mat phang (SBD) vuéng géc véi mat phang (SAO).
3 Tinh goc gitta hai mat phang (SBC) va (ABCD).

() Tinh khoang cach tir diém D dén mat phang (SBC).

Loi giai.
Vehinhdung ....... . [1 diém]
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D ViO la trung diém CD = CO = DO = a = AB = ABOD la hinh vuéng (BAD = 90°).[0,5

diém]

= AO L BD = AO L (SBD) (WviSD L (ABCD)) «.uvviiiiiiieiieaiaee [0,5 diém].

Vi AB = 0OC, AB || OC = ABCO la hinh binh hanh = AO || BC

= BC L (SBD) et [1 diém].
(@ ViBD 1 AO,SD 1. AO = AO 1 (SBD).

Ma AO C (SAO) = (SBD) L (SAO) et [1 diém].
(3 ViBC L (SBD) = BC L SB.Laicé BC || AO, AO L BD = BC L BD = gic gitta hai mat

phang (SBC) va (ABCD) 1A SBD ... oui i [1 diém].

Xét hinh vuong ABOD canh a c6 BD = AV2 oo [0,5 diém].

Xét tam gidc SDA vuong tai D ¢6 SAD = 60° = SD = AD tan60° = av3........ [1 diém].

Xét tam giac SDB vuodng tai D c6 tan SBD = z—g = % — SBD ~ 50,79°........ [1 diém].
(@) ViBC L (SBD) = (SBC) L (SBD) . .uuetiie et [0,5 diém].

Trong mat phang (SBD), ké DH 1. SB= DH =d(D;(SBC)) ......cevvvvien.., [1 diém].

L iy . . 1 1 1 5 _avé .2
Xét tam giac SDB vudng tai D co DIZ — D2 + EDZ 6 = DH = N [1 diém].
O]

@ bDESO3A
Caul. C7ho ta dién OAB(; c6 OA,OB,0OC d?)i mot vuong goc va OA = OB = OC = a. Goi I 1a
trung diém cua BC; H, K lan luot la hinh chieu vudng goc cta O 1én trén cac duong thang AB va
AC.

(D Chiing minh rang BC L (OAI).

(2) Chiing minh rang (AOI) L (OHK).

3) Tinh khoang cach tir diém O dén mat phang ABC.

() Tinh cosin ctia goc a gitta dudng thang OA va mat phang (ABC).

(® Tinh tang goc ¢ gitta hai mit phang (OBC) va (ABC).
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(6) Tinh khoang céach gitta hai duong théng HKva Ol.

Loi giai.

D) Tacd OA L (OBC);suy1a OA L BC (1) e 0,75 diém
Tac6 OB =0OC va Ilatrung diém BCnén BC L OI (2) ..oevvvviieeiiinaan... 0,75 diém
Tir (1) va (2) suy 1a BC L (OAI) .ttt et 0,5 diém

@ Vi H,Klan lugt 1a trung diém AB, ACnén HK || BC ..., 0,5 diém
Theoy a) BC L (OAI) nén HK L (OAIL) .« .uuui e 0,5 diém

@) T Oké OF L AI(1). Taco BC L (OAI) nén BC L OE (2) +vvveveaeeaeeannn.s, 0,5 diém
Tir (1) va (2) suy ra OF L (ABC),suy d(O,(ABC)) =OF ....oiieiiiiiaaaainnnn, 0,5 diém
1 1 1 2

xét tam giac AOI vudng tai O, ta c6 OF — OA2 + OE = 2 + =

(@) Tac6 OE L (ABC) nén hinh chiéu ctiia OA 1én mat phang (ABC) la AE, gbc & = OAE

.................................................................................. 0,75 diém
a OE 1 .

Ta c6 tam giac OAE vudbng tai EVaOE = — néncosae = — = — ....oon... 0,75 diém

(B) GOC @ = OTA ...\ 0,75 diém
Ta c6 tan @ = oL = V2 0,75 diém

(® Ta goi F la giao diém cua HK va ALt F ké FG L OI, mat khac HK L (OAI)(cmt) suy ra
FG 1 HK, khi dé6 ta c6 FG la doan vuong goc chung cia HKvaOl............... 0,75 diém
Xét tam giac OAI vuong tai O, ta ¢6 F la trung diém cua Al va FG || OA suy ra FG =
%OA L TP PP TP 0,75 diém.
HINh VE NG oottt 1,0 diém

O

@ DESO3B
Cau 1. Cho hinh chép S.ABCD déy la hinh vuéng canh a, SA | (ABCD) va SA = aV/2.
(D Ching minh rang cdc mat bén cta hinh chép 1a cac tam giac vudng.

(2 Ching minh rang (SAC) L (SBD).
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(3 Tinh goc a gitta SC va mat phang day, géc B gitta SC va mat phang (SAB).

() Tinh tang ctia géc ¢ gitta hai mat phang (SBD) va (ABCD).

(8 Tinh khoadng cach tir diém A dén SBC, khoang cach tir diém A dén mat phang SCD.
(6 Tinh khoang cach gitra hai dudng thang chéo nhau SC va BD.

Loi giai.

(D Ta c6 tam giac SAB va SAD la céc tam giac vudong viSA L ABvaSA L AD...... 0,5 diém
Tac6 SA L CDvaCD L ADsuyraCD L (SAD), suyra CD L SD, do d6 tam giac SDC
vuONg tal D. ... 0,5 diém
Ta c6 SA L BCva BC L ABsuyra BC L (SAB), suy ra BC L SB, do d6 tam giac SBC
VUONG 11 B. . oottt 0,5 diém

@) Tac6BD L SAviSA L (ABCD)

vaBD L ACvasuyraBD L (SAC) ..ot 0,5 diém
DO A6 (SAC) L (SBD) e 0,5 diém
3 Ta c6 CA 1a hinh chiéu vudéng géc ctia SC 1én (ABCD) do d6 goc a = SCA. ....... 0,5 diém
Vi tam gidc SAC c6 SA = AC =av2suyraa =45% . ......ccoiiiiiiiiiinii..n. 0,5 diém
Ta c6 BC L (SAB) suy ra hinh chiéu ctia SC 1én mit (SAB) la SB, do d6 géc B = BSC .. 0,5
diém .

a .

Vi tam giac SBC vuong tai B,tacotanfp = —— = —suyrap=30° ............ 0,5 diém.
8 g te b= Bowmb

@ Goi O la giao diém AC va BD. Ta c6 AC L BD va SO L BD do d6 géc ¢ gitra (SBD) va
(ABCD)TASOA .o\ 0,75 diém

A .
Tam giac SAO vuong tai A, ta cé tan ¢ = Z_O = 0,75 diém
(B Ké AH L SBsuyra AH L (SBC),dod6 d(A, (SBC)) = AH ........co.oevine 0,5 diém

1 1 1 1 1 _ 3 _av6 .
Ta co AHZ_SAZ—'_ABZ_@—'_;—Zaz suy ra AH = -NRARCERTERLERRIRREY 0,5 diém
Ké AK L SD suy ra d(4, (SCD)) = AK = e 1,0 diém

3
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(6 Twr O ké OE L SC,do BD L (SAC) suy ra BD L OE, do d6 d(SC,BD) = OE ....0,75 diém

— E .
Xét tam gidc vuong OEC ta c6 sin SCA = Oc suyra OE = g .................... 0,75 diém
HINh V8 NG oottt et 0,5 diém

OJ





